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Abstract—Kinetic Inductance Detectors (KIDs) consist of thin-
film superconducting resonators. An incoming photon breaks
Cooper pairs, and causes the surface impedance of the resonator
to change. The resonant frequency shifts, and the absorption
event is recorded by monitoring the change in microwave
transmission amplitude and phase. In this paper, we show that
the power deposited by the microwave readout signal can cause
the temperature of the quasiparticles in the superconducting
film to switch between well-defined states. Experimentally, the
effect appears as a discontinuity in the resonance curve, but
is actually a hysteretic switching between thermal states as
the readout frequency is swept up and down. We present
numerical simulations that predict, quite clearly, the existence
of hysteretic switching in low Tc superconducting resonators.
The switching occurs as a direct consequence of the relationship
between the readout power absorbed by the resonator as a
function of temperature, and the finite thermal impedance of
the quasiparticle-phonon coupling. This work may lead to an
improvement of the power handling in KIDs, which is the
easiest way of noise reduction in these devices, and to a better
understanding of electron-phonon coupling in superconductors.

I. INTRODUCTION

Kinetic Inductance Detectors (KIDs) consist of thin-film
superconducting resonators (<10GHz) on sapphire, quartz,
or silicon substrates. An incoming infrared, optical, or x-ray
photon breaks Cooper pairs, and causes the surface impedance
of the resonator to change. The resonant frequency shifts, and
the absorption event is recorded by monitoring the change in
microwave transmission amplitude and phase [1].

One of the key issues in improving KIDs for detector
purposes is decreasing the amount of noise. Using phase
readout, excess noise was found, which scales inversely
with the amount of applied microwave readout power [2],
[3]. Therefore increasing the power handling of resonators
is one of the topics of current research. At certain power
resonators start to show nonlinear behaviour, which gives
the power limit for linear detection. On the other hand,
a lot of research has been done on nonlinear effects in
resonators, showing that vortices, thermal instabilities due
to local hot spots [4] and a power dependent surface
impedance [5], [6] can also cause strong nonlinearities in the
resonator response. This kind of research focuses usually on
superconductors with a high critical temperature and a high
resistivity. Since the nonlinearities are used for amplification

and other purposes, easier operation at higher temperature
is favourable. Thermal effects described in literature cause
nonlinearities due to local spots where the superconductor is
driven normal. Also quasiparticle heating was described, but
neglected usually due to the relatively low heat resistances
of high Tc superconductors [5], [7], which cannot set up a
significant temperature gradient between the electron system
and the phonon system.

In this paper we describe a nonlinear effect in
superconducting resonators due to the temperature-dependent
readout power dissipated in the resonator and the thermal
resistance due to the limited electron-phonon coupling. We
present simulations showing that these two processes together
give rise to multiple temperature states of the quasiparticle
system when solving the heat balance equation. These
temperature states manifest themselves as switching, and
hysteresis, in the resonance curve. The effect of bistability
due to different solutions of the heat balance equation was
described earlier [8], but in the context of local instabilities,
switching around Tc. We note that other nonlinear effects
can still be present in superconducting resonators, but the
temperature state switching we describe here is likely to be
dominate at low temperatures, and does not necessarily involve
hot spots.

II. THEORY

The microscopic picture of the electrodynamic response
of a superconductor was developed by Mattis and Bardeen
[9]. The complex conductivity σ = σ1 − iσ2 describes the
response of both Cooper pairs and quasiparticles to an applied
electric field. The surface impedance of a superconductor can
be calculated from the complex conductivity. For arbitrary
thicknesses t, the surface impedance Zs in the dirty limit is
given by [10]

Zs =

√
iµ0ω

σ
coth(

√
iωµ0σt), (1)

where ω is the free space angular frequency, µ0 the
permeability of free space and σ the complex conductivity.

A quarter wave resonator consists of a shorted piece
of transmission line. The input impedance for a shorted
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transmission line Zline is given by

Zline = Z0 tanh γl = Z0 tanh(α+ iβ)l

= Z0 tanh

(
β

2Qi
+ iβ

)
l, (2)

where Z0 is the characteristic impedance of the line, γ the
propagation constant of the line and l the length of the line.
To calculate the impedance of a superconducting microstrip
line we follow the analysis by Yassin and Withington [11]. We
leave out the very details of the specific calculations. For an
ideal line α = 0, so that at resonance when l = λ/4 the input
impedance Zline → ∞. For a non-ideal line, we can define
an internal quality factor Qi = β

2α , describing the losses in
the transmission line. The ideal line case corresponds to an
infinite Qi.

To couple electromagnetic energy into the resonator, a small
gap is introduced between the open end of the quarterwave
resonator and the feedline. The capacitance of this gap loads
the resonator. The impedance looking into the capacitance
becomes

Zin =
1

iωCg
+ Z0 tanh γl, (3)

where Cg is the capacitance of the gap, and the second term
is the input impedance of the transmission line, taken from
Equation 2.

In the case of a parallel circuit, the coupler can be seen as a
3 port system. Port 1 and port 2 are the left and right side of the
feedline, and port 3 is at the resonator waveguide just under
the coupler. What is typically measured is the transmission
from port 1 to port 2, given by the transmission function or
forward scattering matrix element S21, which is given by

S21 =
2

2 + Z0/Zin
, (4)

where Z0 is again the impedance of the feedline and Zin the
impedance looking into the coupling capacitor as given by
Equation 3. S21 can also be written in terms of its amplitude
|S21| and phase θ by |S21|eiθ, and the power transmission is
given by |S21|2. The quality factor of the resonator can be
defined as 1/Q = 1/Qc + 1/Qi, where Qc is the coupling
quality factor.

A. Power dissipation
Although the resonator is made of a superconducting

material, it has a small resistance and therefore dissipates
power. The internal quality factor Qi is a measure
for the resistive losses in the resonator, which should
decrease exponentially with decreasing temperature. However
measurements show that the internal quality factor always
saturates at values around 106 at T/Tc ≈ 0.2, which means
an additional loss. The source of this loss can be excess
quasiparticles or loss at the surface or in the dielectric, but
is not exactly known [12], [13]. To make a realistic estimate
of the dissipated power we take this saturation into account
by modifying the internal quality factor in Equation 2 in the
following way

1

Qi
=

1

Qi,MB
+

1

Qsat
, (5)

TABLE I
PARAMETERS OF A SIMULATED MICROSTRIP RESONATOR.

Parameter Symbol Value

Strip length l 4 mm
Strip width w 3 µm

Film thickness t 200 nm
Dielectric height h 200 nm
Gap capacitance Cg 5 fF

Relative permittivity of dielectric εr 11
Feedline impedance Z0 20 Ω
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Fig. 1. Dissipated power in an Al microstripline resonator as a function of
temperature for different readout frequencies. The readout power is -60 dBm.
The dashed line shows the transported power due to electron-phonon coupling
as a function of temperature according to Ptrans = −V Σ(T 5

e − T 5
ph), for

a phonon temperature of 120 mK.

where Qsat is the saturation quality factor and Qi,MB the
quality factor following the Mattis-Bardeen equations. In the
calculations presented here we assume the additional loss to be
due to quasiparticles. This is reasonable since we are interested
in high readout power levels while dielectric losses saturate at
a relatively low power level [13].

The dissipated power depends on how much power is
coupled into the resonator, and therefore peaks at the
resonance frequency. The resonance frequency is temperature
dependent, and therefore the (peak in the) dissipated power
is temperature dependent. Equally well we can define
a resonance temperature for a particular frequency. The
dissipated power is calculated for an Al microstrip resonator as
a function of temperature and plotted in Figure 1 for different
frequencies. The geometry properties are listed in Table I and
material properties are N0V = 0.17, TD = 420 K and ρ = 2.4
µΩcm [14]. The readout power is 2 nW (-57 dBm) and the
bath temperature 120 mK.

We observe that the resonance temperature is lower for
higher frequencies as expected. At the highest frequencies
a plateau is reached where the zero-temperature resonance
frequency is approached and the saturation in the quality factor
(Eq. 5) comes into play.
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B. Heat transport

The resistance that causes the energy dissipation in the
resonator is due to quasiparticles. When energy is dissipated
into the quasiparticles, the quasiparticle system heats up and
will transfer energy to the colder phonon system, and from
the phonon system of the superconducting film to the phonon
system of the substrate. The energy transport from electrons
to phonons can be described for a metal by a power law [15]:

Pe−ph = V Σ(T 5
e − T 5

ph), (6)

where Te is the electron temperature, Tph the phonon
temperature and V the volume where the power is dissipated.
Σ is a material constant with a value of Σ = 0.2 ×
109 W m−3K−5 for Al, measured in a Coulomb-blockade
electrometer [16]. The volume can be calculated by V = wtl,
where w and l are the width and length of the microstrip and
t is the thickness of the film. For an Al microstripline with
dimensions as given in Table I we get V Σ = 480 nW K−5. In
Figure 1, the power transported by electron-phonon coupling
as a function of temperature is plotted as the dashed line, for
a phonon temperature of 120 mK.

In calculating the transported power, we assumed implicitly
that electron-phonon coupling is the limiting heat transport
mechanism. Another transport limiting heat resistance can be
the Kapitza coupling between the film and the substrate of the
resonator. The Kapitza coupling can also be described by a
power law

PKap = AΣKap(T
4 − T 4

bath), (7)

where A = wl is the area of the microstrip and ΣKap a
material parameter. From Ref. [17] we estimate ΣKap to
be 850 Wm−2K−4 and AΣKap = 10 µWK−4 and therefore
assume electron-phonon coupling being the limiting heat
transport mechanism.

III. SIMULATIONS

Power is dissipated by the readout signal into the
quasiparticle system of the superconducting film. This will
increase the effective quasiparticle temperature. The phonon
temperature of the film will be lower, so a temperature
difference between the phonon- and electron system is set up,
dependent on the strength of the electron-phonon coupling.
From a steady state heat flow, the temperature of the electron
system can be calculated by equating the dissipated power and
the transported power. Finding the steady-state temperature for
different readout frequencies and power levels is analogous
to calculating the intersections of the dissipated power curve
with the transported power curve in Figure 1. Steady state
temperatures are calculated for every frequency using a root-
finding algorithm which uses the steady state temperature of
the previous frequency as an initial guess.

In Figure 2 the steady state temperature, and the resonator
response of the same Al resonator, are plotted as a function
of frequency for a set of readout powers. We observe that
below 10 pW, the temperature rise is small and the resonance
curve shows a deep symmetrical resonance. At 100 pW
the electron temperature at resonance already rises 30 mK
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Fig. 2. Steady state temperature of the electron system (a) and the
corresponding resonator response curve (b) for an Al microstripline resonator
as a function of frequency for different readout power levels.

above the phonon temperature, making the resonance curve
a bit less pronounced and introducing a frequency shift.
Above 200 pW the resonance curve becomes asymetrical as
a result of a 50 mK temperature rise and at 500 pW there
is clear switching with hysteresis. For even higher powers,
the operating temperature rises and the amount of hysteresis
increases.

IV. EXPERIMENT

A 100 nm thick Al film was sputter deposited on a R-
plane sapphire substrate under ultra high vacuum. The critical
temperature of the film Tc is 1.228 K, the low temperature
resistivity ρ was 0.63 µΩcm and the residual resistance ratio
was 5.2 The resonator pattern was created using wet etching.
A coplanar waveguide (CPW) resonator was used in the
experiment, and therefore we can only make a qualitative
comparison with the presented simulations. The chip was
cooled in a cryostat with an adiabatic demagnetization
refrigerator to a bath temperature of 81 mK. The complex
transmission S21 of the chip was measured using a vector
network analyzer.

The S21 magnitude is plotted as a function of frequency
in Figure 3 for a set of readout power levels. For power
levels below -81 dBm the response stays the same, except for
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Fig. 3. Measured resonances curves of an Al coplanar waveguide resonator
for different readout power levels. The bath temperature was 81 mK and f0
= 4.55929 GHz.

the relative increase of noise. We observe that the resonance
frequency decreases for increasing power, which is a sign of
heating, because the resonance frequency shifts in the same
way if the bath temperature is increased. Asymmetry in the
resonance curve appears for a power of -75 dBm and true
switching from -69 dBm, which is of the same order of
magnitude as for the simulations in Figure 2.

V. COMPARISON ON INTERNAL POWER

The most common way to compare the power handling
of resonators is comparing them on internal power, which
takes into account the quality factor dependent coupling of
the readout signal to the resonator. The internal power, the
power of the travelling wave inside the resonator, is given by

Pinternal = Preadout
2

π

Q2

Qc

Zfeedline
Zresonator

, (8)

where Zfeedline and Zresonator are the impedances of the
feedline and the resonator. Using Equation 8 combined with
the simulations presented in Section III we calculate an
internal power of -22 dBm where the response becomes
nonlinear. From the experimental data presented in Section IV
we obtain a limiting internal power value of -30 dBm, which is
a value commonly measured in Al KIDs of this thickness [18].
It is only possible to compare the internal power of devices
just before the resonance curve becomes asymmetric since
the quality factor cannot be obtained from a highly nonlinear
resonance curve.

VI. DISCUSSION

Experimental values for the limiting internal power before
the resonator response becomes nonlinear are within an order
of magnitude with the simulated values as presented above.
This shows that thermal switching is a mechanism that is
very likely to be present in resonators consisting of a low
temperature superconducting film. However, there are other

mechanisms that can be responsible for nonlinear behaviour.
More detailed experiments are needed to explore the nonlinear
effects that are observed experimentally in relation with the
proposed thermal effect. Additional simulations are underway
to compare the predictions about the limit to the internal power
to experimental values with varying film thicknesses and film
properties.

The assumed electron-phonon coupling is taken for a metal
in the normal state and we believe that it could very well be
an order of magnitude weaker for a superconductor, especially
at temperatures much lower than Tc. This would bring the
simulated power values where nonlinear behaviour starts
remarkably close to the experimental data. We also implicitly
assumed that the losses that determine the internal resonator
quality factor are fully due to quasiparticles. Although there
are also known dielectric losses, this assumption is better
justified at higher readout powers, which is the regime we
are operating in.

The two stable temperature states, with one unstable state
in between, suggest that rapid switching between those
three states can give excess noise. This could happen when
the temperature difference between these states is small.
Experiments show that as soon as the resonator is driven non-
linear, the noise increases quite significantly. However, more
involved simulations and experiments are needed to investigate
if the temperature states and the measured excess noise are
correlated.

VII. CONCLUSION

We modelled the heat dissipation and heat transport in
superconducting thin film resonators. We solved the heat
balance, given by the temperature and frequency dependent
microwave readout power dissipation together with limited
electron-phonon transport described by a power law. For
certain readout power levels this leads to multiple solutions
to the steady state temperature giving hysteretic two state
switching in the resonance curve. Simulated resonance curves
as a function of power show qualitatively the same behaviour
as experimentally observed resonance curves. With some
refinements, the model could explain the microwave power
handling in KIDs and could lead to an improvement of their
performance.
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