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Abstract—Recent cosmic microwave background (CMB) 
polarization experiments employ a rotating half wave plate 
(HWP) as a polarization modulator. In order to cover a wide 
range of a radio frequency, a multi-layer HWP has been studied. 
In this paper, we set up a numerical model of a 9-layer HWP 
based on the design for LiteBIRD and estimated the optical 
properties. Sub-wavelength structure for anti-reflection was also 
modeled. We used a commercial software based on Rigorous 
Coupled-Wave Analysis. We have confirmed that spurious 
polarization by a HWP does not appear for a normal incidence. 
On the other hand, the spurious polarization can be observed for 
an oblique incidence. When the incident angle is 10 degrees the 
magnitude of the spurious polarization is about 10-4, which is 
comparable to the effect of the gravitational lensing B-mode. We 
have also confirmed that this design has the potential to achieve a 
highly efficient polarization modulator. 

I. INTRODUCTION 
Many inflation theories predict that the evidence of inflation 

should appear in the cosmic microwave background (CMB) B-
mode polarization pattern. Various CMB polarization 
experiments to search for the B-mode polarization pattern are 
proposed and some of them have started to observe CMB [1-7]. 
CMB B-mode polarization is so weak that it is hard to detect 
the signal. Therefore, recent CMB polarization experiments 
require three things: a field of view to be sufficiently wide to 
arrange many detectors on a focal plane, observing bands to be 
sufficiently broad to remove the effect of foreground sources, 
and a rotating half wave plate (HWP) to modulate the CMB 
polarization. If we modulate the signals with a rotating HWP, it 
is not necessary to take a difference between two detector 
outputs by adjusting different gains. In addition, a HWP can 
save the weak signals from 1/f noise by shifting them to the 
higher frequency. 

A HWP accurately makes a phase retardation of π radians at 
a specific wavelength. When a HWP is employed to CMB 
experiments, the polarization properties of a HWP should be 
independent of wavelengths and incident angles. An 
achromatic HWP can be achieved by combining several HWPs 
but the polarization properties of a HWP vary as a function of 
the incident angle [8-11]. In the point of view of a CMB 
polarization experiment, the leakage from unpolarized light to 
linear polarization, hereafter I-to-P leakage, can contaminate 
the CMB polarization map. 

In this paper, a HWP is assumed to be one that is designed 
for the Low Frequency Telescope (LFT) on the LiteBIRD [1], a 
next generation CMB polarization satellite. The HWP for 
LiteBIRD will be composed of 9 sapphire plates [12] and 
equipped with a sub-wavelength structure for anti-reflection. 
We summarize the characterization of a HWP with the Mueller 
matrix from the point of view of a CMB experiment in Section 
II. In order to calculate all the Mueller matrix elements as a
function of frequency and incident angle, we set up a model for 
the numerical simulation in Section III. Section IV shows the 
simulation results and an I-to-P leakage in the results can be 
found. Finally, we discuss the causes of the I-to-P leakage and 
whether or not the amount of I-to-P leakage can be acceptable 
for LiteBIRD. 

II. CHARACTERIZATION OF HWP
Mueller matrix [13] is one of useful tools to express the 

character of a polarizing optical element. When we introduce 
the angle of an optic axis, ρ, with respect to the direction along 
which a detector is sensitive to light polarized (Fig. 1), an ideal 
HWP can be expressed as 
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Fig. 1. A diagram showing then incident CMB polarization, HWP optic axis, 
and detector sensitivity. 

If we employ a polarized detector sensitive to the Stokes 
parameter Q > 0, i.e. linear polarization, the ideal HWP allows 
us to detect CMB polarization at a frequency of 4ρ as follows: 

When we consider a more realistic case, each element of the 
Mueller matrix can have a non-zero component at a frequency 
of 4ρ due to the combination of fresnel reflection, oblique 
incidence, and so on. Therefore, it is assumed, in general, that 
the Mueller matrix should be written with the summation of 
Fourier harmonics of the HWP rotation angle of ρ as 

where X, and Y represent I, Q, U, and V, Θ is an incident angel 
to a HWP, and Φ is an azimuthal angle. Using AXY, CXY, and 
φ(4)XY, We can define a modulation efficiency η, for example, as 

Since modulated CMB signals appear at a frequency of 4ρ, it is 
useful to focus on what effects each coefficient CXY provides on 
the output signals. 

We can categorize CXY into 4 groups. First group contains 
CQQ, CQU, CUQ, and CUU. They are unity for the ideal HWP case 
and determine the modulation efficiency η and polarization 
angle through φ(4)QQ, φ(4)QU, φ(4)UQ and φ(4)UU for a general HWP 
case. Second group contains CII, CVI, CVQ, and CVU. They cause 
the modulation efficiency to decrease because they convert 
light to circular polarization that is identified as a constant 
signal independent of the rotation angle ρ for a linear polarized 
detector. CIV, CQV, CUV, and CVV are sorted into third group. 

They can be ignored as long as CMB and astronomical sources 
have Stokes V equal to zero. The last group, which is most 
important in terms of spurious signal, has CIQ, CIU, CQI, and CUI. 
They cause spurious polarization from unpolarized light. They 
should be 10-4 or less from our study. When the magnitude of 
CIQ, CIU, CQI, and CUI are 10-4, we estimate that the 
contamination from unpolarized light has an effect on the 
polarimetry of CMB signal, which is comparable to the 
gravitational lensing effect. Table 1 summarizes the four 
groups. 

III. SIMULATION

The HWP for the LiteBIRD LFT will be made of 9 sapphire 
plates with each thickness of 3.14mm. The refractive indices 
for ordinary and extraordinary rays are assumed to be 3.047 
and 3.361, respectively. No dielectric loss is assumed. The 
optic axes are arranged at 18.5, 37.5, 73.9, 141.5, 73.9, 37.5, 
18.5, 22.7 degrees with respect to the first plate. The first and 
ninth plates are equipped with sub-wavelength structure for 
antireflection (Fig. 2). The pitch is 300 µm, height 2000 µm, tip 
20 µm, and bottom 20 µm. 

The polarization state of an incident plane wave for this 
simulation is assumed to be linear. The frequencies for 
simulation are 119 GHz, 161 GHz, and every 5 GHz from 125 
GHz to 155 GHz. This frequency range corresponds to the 140 
GHz band for LiteBIRD. The incident angles to a HWP are 0 
and 10 degrees, which corresponds to the maximum angle of 
LiteBIRD LFT optical design. Note that the normal incident 
case was calculated only at 140 GHz. 

In order to simulate our HWP model including the sub-
wavelength structure, we used DiffractMOD [14] based on 
Rigorous Coupled-Wave Analysis (RCWA) [15]. Since RCWA 
is an algorism dedicated to a periodic structure, RCWA is 
suitable for calculating the electromagnetic field of the 
complicated but periodic structure as shown in Fig. 2. 

The computer resources we used for this analysis were a 
CPU operating at 2.6 GHz with 14 threads, RAM with about 
110 GB. It took 30 hours for a Mueller matrix at a specific 
frequency for a normal incidence and 60 hours for an oblique 
incidence. 

TABLE I 
CATEGORIZING CXY. 

group Coefficients Effect on Polarimetry 

1 modulation efficiency and 
polarization angle 

2 reducing modulation efficiency 

3 ignorable 

4 spurious polarization from 
unpolarized light 
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Fig. 2. HWP model with sub-wavelength structure for antireflection. 

IV. RESULTS AND DISCUSSIONS

This section shows the simulation results of the normal 
incident case at 140 GHz, the results of the oblique incident 
case at 140 GHz, and, in addition, the results of the oblique 
incident case as a function of frequency. 

A. Normal incident simulation at 140 GHz 
Fig. 3 shows each element of Mueller matrix as a function of 

the HWP rotation angle ρ for the normal incidence at 140 GHz. 
The 4-ρ terms can be found only in MQQ, MQU, MUQ, and MUU 
(cf. group 1 in Table 1). Therefore, spurious polarization does 
not appear in this case. MIQ, MIU, MQI, and MUI behave as a 2-ρ 
term with an amplitude of about 10-3. This is because Fresnel 
reflection differ between two polarization states. The 2-ρ terms 
in MQV, MIU, MQI, and MUI comes from the difference of 
retardation between two polarization states from π radians. The 
2-ρ terms in MIV and MVI  also attribute to the retardation 
different from π radians as well as the difference of Fresnel 
reflection between two polarization states at the same time. 

Β. Oblique incident simulation at 140 GHz 
When an incident wave enters obliquely to a HWP, the 

refractive index for an extraordinary ray depends on the angle 
between the optic axis and the normal to the incident plane, i.e. 
ρ - Φ. It is given by ([16]) 

where ninc is the refractive index in the incident space. The 
refractive index n'e(Θ, ρ-Φ) itself has 4-ρ dependence, which 
causes Fresnel reflection, refraction angle, and optical path 
lengths to have additional 2-ρ or 4-ρ dependence. 

Fig. 4 shows the Mueller matrix elements as a function of 
the HWP rotation angle ρ for the 10-deg. incident case at 140 
GHz. We can find the features of a 4-ρ element in the other 
elements as well as MQQ, MQU, MUQ, and MUU. The elements 
MIQ, MIU, MQI, and MUI have 4-ρ terms and higher order terms, 
which induces spurious polarization. They come from the 
combination of the difference of Fresnel reflection between two 
polarization states and ρ-dependence of the index n'e (Θ, ρ-Φ). 
Their amplitudes are about 10-3. The other elements, MQV, MUV, 

MVQ, MVU, MIV, and MVI, also have 4-ρ and higher terms due to 
the difference of retardation from π radians and the ρ- 
dependence of refraction angle in addition to the ρ-dependence 
of Fresnel reflection and the index n'e (Θ, ρ-Φ). Their 
amplitudes are from 10-4 to 10-2. 

C. Coefficients AXY, BXY, and CXY 
Figs. 5-7 show the amplitudes of each harmonics for 10-deg. 

incident case. Since Figs. 5-7 are given as a function of 
frequency, they include the 140-GHz case shown in the 
previous subsection. 

Using on AXY, CXQ, and φ(4)XQ, we obtain the modulation 
efficiency of 99.98% at 140 GHz. Fig. 8 shows the modulation 
efficiency η as a function of frequency. This result indicates 
that we can achieve an extremely high modulation efficiency of 
more than 99% with this multi-layer HWP design. 

In terms of polarimetry, we should focus on coefficients CXY, 
especially CIQ, CIU, CQI, and CUI which are closely related to 
spurious polarization. We can find their amplitudes are about 
10-4. Comparing CIQ and CIU, the phases are different by about 
π/2 radians. The effect of this magnitude of 10-4 is estimated to 
be comparable to that of the B-mode signal by the gravitational 
lensing effect. The spurious signal level is not harmful to the 
systematic error of measuring the CMB polarization. However, 
further study is needed because detectors has a sensitivity over 
a wide frequency range and we have to calculate a band-
averaged properties such as a modulation efficiency and 
spurious polarization. 

V. CONCLUSIONS 
Many CMB polarization experiments start to employ a HWP 

and some experiments have already observed CMB 
polarization with a HWP. LiteBIRD, a next generation CMB 
polarization satellite, also has a plan to employ a HWP as a 
polarization modulator. 

We have characterized the properties of a HWP by using a 
Mueller matrix and decomposing each element of the Mueller 
matrix into Fourier harmonics. In terms of polarimetry, the 
harmonics we should focus on is the 4 times higher frequency 
term than the HWP rotation frequency, 4-ρ term. 

We have carried out the numerical simulation to estimate a 
Mueller matrix of the HWP which is based on the design for 
the LiteBIRD LFT. The HWP model is composed of 9 sapphire 
plate and sub-wavelength structure for antireflection on the first 
and last plate. We used DiffractMOD, commercial software, 
based on RCWA due to the sub-wavelength structure. The 
incident wave was assumed to be linear polarized plane wave. 
The incident angle is 0 degrees for 140 GHz and 10 degrees for 
119 GHz to 161 GHz, which corresponds to the LiteBIRD 140 
GHz band. 

We have confirmed that there is no additional 4-ρ term for 
the normal incident case. On the other hand, for 10-degree 
incident 
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Fig. 3. Mueller matrix as a function of the rotation angle of a HWP, ρ. The results are obtained for the normal incidence at 140 GHz 

Fig. 4. Mueller matrix as a function of the rotation angle of a HWP, ρ. The results are obtained for the 10-deg. incidence at 140 GHz. 
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Fig. 5. The constant terms of the Mueller matrix. The results are obtained for the 10-deg. incidence. 

Fig. 6. The 2-ρ terms of the Mueller matrix. The results are obtained for the 10-deg. incidence. 
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Fig. 7. The 4-ρ terms of the Mueller matrix. The results are obtained for the 10-deg. incidence. 

Fig. 8. Modulation efficiency as a function of frequency. 

case,  4-ρ term can be observed, which causes spurious 
polarization. The spurious polarization attributes to the ρ- 
dependence of the refractive index of an extraordinary ray.
The magnitude of 4-ρ terms relating to the spurious 
polarization is about 10-4. The effect of this spurious 
polarization is estimated to be comparable to that of the 
gravitational lensing B-mode polarization. It is not harmful 
but further study is needed. We have also confirmed the 
modulation efficiency is high enough to observe CMB 

polarization. This design has the potential to achieve a 
highly efficient polarization modulator. 
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