RADID ASTHONOMY

by
K. G, Westfold

These notes form the baris of a course of lectures
given in the second term of the amcademic yea?_1957-8 and
the first term of the academic year 1958—9 at the Californias
Institute of Technology. They contain more material than
was used in the course. In particular, the materisl in
Section 3.3 wvas not discussed, and that in Ghapfer 5 was
discussed only in a descriptive ﬁanner° It was included on =
account of its relative ineccessibility.

The materisl here is regarded as basic to radic astro-
nomy. KNot ineluded i3 the substanee of some slx additionsal
lectures given by J. G. Bolton, T. A. Matthews,and J. A.
Roberts on recent work in galactic; Zl-cm, and solar radio

astroncmy.






UBITS IH FLECTROMAGHEZIC TEEORY

The electromagnetic equations in thkese lecture notes
are expressed in terms of & rationalized system of units and
the free-gpace permeabllity and permittivity . and €, The
latter quantities are related by the formula My év = l/cg,
where ¢ is the free-space veloclty of electromagnetic radiationu
Having retained both B, and @v.explicity in the equations, oune
is enabled to convert these into any system of units in current

use by fcllowing the scheme below.

Rationalized Electromagnetic Units

Cll-gll=8ec n-kg-gec
By = ba (dimensionless) Hy = bmox 10”7 (dimensionless}
' or henxry m™
€. = 1/4xe® cm~2gec? €, = 107/hnc2 n 2sec® or farad m~t
where c’n 2.968 x 1019 cm sec-? where ¢ = 2.998 x 108 n see”t

Rationalized Electrostatic Units -~ cm-gm-sec

€, = bn (dimensionless)
u, = 1/bnc® em 2 sec?
vhere ¢ = 2.998 x 10lo en see~l

Unrationalized Units

The equations may be expressed in unrationalized form by
first coaverting from g and Eyﬁo B and E, and then replgcing Hy
and €y by bap, and @v/kﬂ wherever they occur; except that the
constitutive relations

E = B/uy, B = €3,



are not altered. The values of B and @v in the above tablas
have then to be respectively divided and multipliied by 4x. I%
is evident that; in both ratienalized and unrationalized systems,
the values of the units of the electromagnetic quantities are

the same except for goand D, where they differ by a factor e,

Gaussian Units

This unrationalized mixed electromagnetic and electro-
static system is still favored by workers in atonmic physics.
To express the equations in these units they must again be ex-
pressed in terms of B and E; then L i8 assigned the value Ux
and év the value 1/Ux, except that now H=D58and D = E, At the
same time Jds g, and the conductivity ¢ muat be replaced by g/c,
;g/c, and GVc; and, in differential equations relating the field
vectors and source functions, the operation ‘3/31; nust be re-
placed by { @/&1;)/c. Thus, the magnetic fleld 1s expreased in
electromagnetic units and the electric field, charge, and current,

in electrostatic units.
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p. 15, footnote: The example refers to the spectrum cf a

p. 48:

Figure

single pulse cccurring at time t+ = 0. Koise may be
represented by a superposition of impulses of 4if-
ferent strengthy occurring at random intervals.
In the last sentence of the second paragreph replace
"strength" by "angular width".
The exponent in Eq.{14) should be
-i6 (t - gu-rfe) .

In the gixth line from the bottom the inequality
sktould be reversed.
The eliminatlion referred to after Eq.€15) is achieved
simply by substituting from the result

KE = ?v’g/iwév
in {13), and using (3).
In the results from Eq.{17) "0" and " " should be
interchanged.
{opp. p. 64): The trajectories bounding a§21 should
pass through the boundary of d32 if continued from dS5,
into medium 2; likewise, those bounding dfle should
pasas through the boundary of dSl if continued back inte
medium 1. Thus, in the corrected figure, dSl and dS2

are much larger than drawn here.
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{opp. p. 124): The great-circle arc between k and 3

LA
.

Eq.{1) the first "v " should bhe " ¥
'y — 2.4
Eq.{9} the last bracket should be "{i + 5,20

the laast line of the first paragraph "Vg" should

tn
.

")

the last term in the bottom line "£" should be "fo“a

R

should be designated by "a".

The formula preceding Eq.(3) should be

R = r{1 - £1'£/r2) .
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RADIO ASTRONOHIY

Chapter 1

The Observation of Radio-Frequency Radiation
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incengity, Brigatness and Fiux Dens

Tk

o

Congider the total radiation, i.e. the

#hols spectrum, at some point in space at gsome iastant.  *tg

intensity I{g) in the dirvection n is such that radiant ensrgy of
amnount

Tasdafldt
passes novmally through an element of area dS into the solid angle
dfL in time 4at.

It follows that the radiant power flowingz int

)
[l
4'«;4’
n
<
§«:
-
£

angle dfl' = da0.{n') about the direction n' i

e

I(n*) n'-ndSa(n?)
I P -~ —~ b
Wwhich we may write
I' n'enggd s .
1f I{n) = constan®t at a point, the radiation field there is
isoctropic.

. . -2 . -
M.k.s. unit: watt =m gsteradian l}

~

Monochromatic intensity. Radioc receivers and transmitters

in general coperate efficiently only over a narrow band of freguen-

=

cies AT sbout some central fregquency f£3 and in addition accept

only one kind of polarization of this "monochromatic" radiatiocn.

o

C(“

The monochromatiec intensity I, is such that the total rzdiastion
f

iz given by
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n'-n 48 afy?
noon

e the rediant power in the range (f,f+df), Fflowing through the
gurface pdf into the solid angle n' 4L, at any instart. Strictiy

speaking, since I, ie obtained by Fourier analysis of a functicn o
the time, involving integration from ©t = ~00 10 © = +00, 1% must
itsel?f be independent of the time. In practice, however, the re-

ceiving equipment has an overall time constant ¥, sc that what is

=

S

.
y

bz}
(0]

recorded ig effectively the detected signal smoothed by gucce

o

averaging over time intervals cof duration T . Clearly, the tine

constant must not be s0o large that significant variations in inten-
<O =2

ity are snoothed awvay. We shall see in Sec. 1.5 that a lower liwutt

on the value of € is set by the requirements of receiver sensitivity.

Brightness. This quantity is defined in the same way as in-

tensity, save that the asscciated directions are reckoned zg thosge
Tvom which the radiation is coming rather than those in which 3% g
Thus

going.

be{p?)df n'-n as a1 (

1
—

Hy
e

T4¥ nten aSdLL’

R ~ o

e radiant power in the range (Ff, £+4f) incident on nés  from

-3

woe 20lid anzle 3961233 T+ follows that
Ve
bfig”)dfi.{i“} = Te{-n')a {2 {-n'). (23

e oconcept s brightness is appropriate to observations at great
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sttt oot doess pot remain sensibly constant over the source. Thus

S5, 4f 48
.¢ *the radiant powver from the source in the band (i, f+4Ff) incident
aremally on oa surface 45,

ergbure Specificatior of Radiation

Brighiness Teuperature. For black-body rsdiaticn, the mono-

romstic Intensgity, or bripg

hiness, gverywhere in an enclosure gnd
i ol dirvecltlons 1s given by the Planck formula; which, for radio

ayieigh-deans formula

w

freguenciss 15 adecuately vapresented by the
- -~ R s X :
By = 2 =9 &7 = 2 =57,
- A
ceve T is the temnersziture of the enclesure, f the frsguency, i

Sotizmeen®s constant and ¢ the veloeity of electromegaziic rediation

iz +then the wavelenghth ian free gprce. The Tactor

polarizationg inte which it is pogsiblis

i ho bsk2 acceount of the
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e thatl the Jigures ugually gueted Tovr JTlux deug v o>
bhe anazntity 2 3. as given by {3). This FTellows from v loptid
that the radiation is unpolarised so that 2 L. is toe

'

Tiuyw Jdengifty of the incident faﬁaauion}

Antenna Relationghips

Effective Aerial Tempersture. A receiviag serial cr aubenns

ig rpeeificd by its effective area {which ineludes its ¢lractions’
frequency tandwidth and its polarizati

Bzdigtion of any polarization can be resgolved into two components,
cue oif the polarization of the aerial and the other of the coumple-

mentary polarigation. If the radiation is unnolarized, theme con-

1]

prrnents are of equal power o that the total power incident is
twice the pover measured.

aer P

o]

The effective areas A(E,n“} is defined so that the

7ithin the bandwidth Af aveilable a+ the ocutput terminals vhen the
gerial is directed towards n is
~

veAr far) v ) a0, (1)

The orientatiocn of the amerial is determined by the direction at

vhich maximum power is received from a point source., Thus
A{n,n) = A .

In the forwmula for iucident power in the definition of brightnssse
a'+ndS has become the effective area

poter. In terms of the brightaess tam

7
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The concept of effect tenmperature is arrived at by ceno.

o
<
]
0
o
b
Jete
o
5_\‘

P with the value it would teke i7P the serial wesrs in an

R

ol- R

emperature T. We suhould then have

(44

snclosure at a uniform

1 - kT __/_\f f &
P = XK Aa)r,
22

-L s e L3
P = %%'1 xT Af,
{9
where
o= L [aan {29
= ) (3]

is the mean effective area. Now it Can be proved by thermodynamics
{Burgess 1941) that in this case the power absorbed by a loss-free

aerial is the same as that dissipated in & resistor at the same

S

®

temperature, viz.

P = kT AF.
Thug, for a loss-free aerial, we have
A = ka/h»ﬁ N {37

and for any aerial in any radiation field we may express the availa-

ble power in terms of the aerial or anteunna temperature Ta

P = kT, Ar, (L
whers
: ~ ‘
T, = S5 ATy aflr. (53
1e

This is a8 classical result, valid for hnf < kT, when stimulated

Ey

emission is negligible.
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Divectivity srd Galn. The directivity of aayv aserial is

BN

defined as The vormalized dimensionless cuantity

D = A/K , (6)

which 15 such that

7 = If% fn afi = 1 (7}
The relaition {5) now beccmes

T, = foman: . | (8)
In perticuler;, for a loss-free aserial

T, = & [Dom, oafr . (8°)

The directional characteristics of an aerial are sometimes
specified by 1ts gain, which is defined for an aerial gua trans.-
mitter. The gain is then the ratio of the actual flux density at
some field point to the hypothetical flux density at the same point
if all the power delivered to the input terﬁinals'were ¥adiated
isotropically. Thus, if S(n,n’) is the Poynting flux (radiant
power per unit area) in the direction n' at a distance r, when the

aerial 1s directed towards n,

G{a,n") = §L£¢§%l . (9)
~ P/hnz

#
It can be proved by thermodynamiecs +that G is related to the effece

e
Conglder ar aerial and a small black body subtending the angle A

at th2 aerial in an enclosure at a uniform temperature T. The novel
absorbed by the body from the aerial is equal to the iucident powary
G kT Af —%Q-— . Agein, the power incident on the aerial is

i - ? ~ & 5 v o F .
5T Af AfL, by {2). Since there is equilibrium these are eyval.
¥ Y

{?’



Tive avea A ol Lhe seslal when uwized as a veceiver by the formuls

G = fifi% Rl
AT
Hence, for any aerial we have from (5) thsz relation
Ty . N 3-‘_ 1 . * . ¢ H
v, = & o, an (11
The gquanilities C and D are evidently related by the formula
¢ = ﬁ&% D = Gp . (12"
h

Tt follows from our definition of G that G is the fraction of the
power delivered to the input of the aerial that 1s actually radiated.

For a loss-Tree merisl
G = D, G = 1 , (32

The ideal isotropiec radiator is, of murse, not physically realizable.
The simplest rediatcrs are the Hertzian dipolé and Fitzgerald oscil-
lator, which are simulsted respectively by = short rod whose ends
are in opposite phase an& by a smell loop. For these, neglecting

lossaeg,

2 .
I = - 0S8 2d - - % t‘{;SE o - }"1‘
g;’“(cos 9 a,
vhere cos & = n.n'. Then, by (10),
} o o
A = .32 eos” o s

whieb satisfies (3').
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The directicnal diagrawm, or radistion patiern, of an aerin’

@

iz specified by any one of the mutually pvoportional guantities,
A, D or G, usually in terms of the polar angles &, 4 of n! relativ
te n, the direction of maximum response. In practice the terms
"directivity" énd "gain" are frequently applied to the maximum
values of these funetions, D(n,n) , G(a,n). The directional dia-
gram of ar aerial, when plotted in polasr coordinates, usually con.
gists of & "main lobe” about the directicn of n and a number of

subslidiary lobes. The main lobe is usually specified by the widih

between the "half.power" points and the gain by the maximum gain.

Aerisl Temperature of a Source. Suppose that the aerial is

directed towerds n, and that there is a source of apparent disk
temperature T, which subtends a small angle A() aboui n*. Thea
the aerial temperature due to the source is, by Sec. 1.3 (&), angd

(5), (6), {20},

J
=3
S
9
M emtrone

Haturally one tries to direct the aerial at the source, sc that

n = gf and G = & -~ These relations may then be expressed nore

max
physically, in terms of the "effective solid angle” !}a of the

*

aerial. This is the angle such that

£

w

Crax Ila = fdefQ_ = hnG, ete. (1h)
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barn, vhean the gerial ia directed at the zource,

which 1s interpretable, remembering that G is the fracticn of

pawer that is not dissipated between the Ffield and the outpub

3
i
]
ib—
)

Ve remark that if (15) is used taking () as given By an integral

]

such as (lh)? in whieh the integration iz taken only aver the mzain

i

icbe, too small a value of T$lﬁ(2 will be inferred from a measure-

~

ment of T,. Again, 1f the source is so large that A, D, & vary

siguificantly over A2, (13) nust be replaced by

5 - 1
v.‘.a = s

f ATyt a)t, ete.
A A

Finally we give the relations between the aerial temperature

T, and flux depsity Spl(for the polarization accented by the serisl

23 Z
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Ihe Beceeiving Systenm

~
e w

Heagurenent of Aerial Temperature. The radie-fregquency .

power delivered at the aerisl cutput terminale is next deliversd
by o line to the receiver where the spectral components within the
band AT are selected and (in the usual heitercdyne systen)
mixed with a local-coscillator zignal to give a lower intermediste
frequency resultant, which 1s amplified; rectified and fed inte

an output recorder whose reading corresponds te the aserial tempeyra.-
ture. (See the graphical representation of Pawsey and Bracewell

{1955) Figure 11, Section 2.4, reproduced in Figure 4.)

5
Now it i2 found that the radiatlon received from extrater-

restrial objects has all the characteristics of noise (as does

white light). Since the system is cperating at the ambient tem-

perature TO, which is always grester than OOKy the thermionic tubes

and resistors alsc generate noise. It is this facior, rather than

the amplification of the system, that limits %he theoretical sensi-

tivity of the receiver. In faet, if g be the amplification factor

of .the system, i.e. the ratic of the power delivered to the input

of the detecter to the power avalliable at the receiver input, then,

neglecting line losses, the power delivered to the detector input

is not gP but g{P + Pr)ﬁ whare Pr repregénts the receiver noise,

referred to the recelver inpuit. The receiver noise may be specified

by its noise temperature T,.s defined by the Nyquist relstion
P, = kT,AfT . (1)

A more usual specificaticn ig in terms of the receiver noisge

factor H, which 1s defined as the ratie of total noise pover in the



-

el ozt receiver to the total nelse pever for & nolsa-is

a& raceiver.
when in each case the receiver 1s connected 40 an elecitrical leoad

at “he ambilent temperature ‘iI'O,a Then

¥ = Po * P = To* Tp | (2)
P@ TO
go that
P, = (N-1)P, = (N-1)KT,Af . {3)

For the present purpose it is cmnvestional te take Toa 29003{o
Now 1if P is the power avallable at the receiver input the racorder

nsasures the power

s per = oxfr, (we1)rol At . (4)

This is referred to the power P

it

¥ .
o P0 + P, when the receiver ilsg
EY

connected to electrical lead at the ambient temperature TOQ Then

P* = Nk Ty AF

o
snd
* #*
PT - PL o= k(T - Tp) AT,
go that
T . T A
a 0 - q 9 (5}
T P 4 7
0 %)

giving the ratio Ta/TO in terms of the ratioc ol corresponding re-

o

gorder measurements. Cleaxyly, it is desirable in the interssts of

ch

gensitivity to have N as c¢lose to the lover limlt 1 as possible.

%,

Faa]
Jo

the meter wavelengiths the figure N = 2 1s reglized; buit at

centimeter wavelengiths the current best flgures are bebtween T gad



The abeve gnalysis has been carried out without regard %o
Josses in the line between the aserial output and the veceiver in-
put terminals. Now suppose only a fraction ¢ of the azerial output
is delivered to the recelver laput terminals, the fraction 1 - «
weing lost to the surroundingzs. Since the line is in equilibrium
at the ambient temperature T05 thers must be the additicnal power
{1 - &) P, available at the reéeiver input terminals. Instead of
(LY we noWw have

P = aP + (l-a) P, + P,

Faain %
(WY
g

= x {cx*l‘a + (m-a) Tol AT

Thus, to take account of line losses T, and Ty in {4) must be re-
piaced by o, and aT,, and N 2y N/a. It follows that (5) must be

replaced by

P AR
a o _ = ) -
-0 - 1o Pc;?: 3 (()

30 that ths recording sensitivity is reduced by the factor o.

Sensitivity of Receiving System. The chief characteristics

of & receiving system are the amplification facter g, the noise
factor I, the bandwidth AL, and the overall time constant T .
The amplification factor is a metter of design, to ensure & large
enough cutput. The noise faztor has jusﬁ been discussed. Ve go
on to consgider the limits imposed by inhevent instrumenial and

and noise fluetuations.



of the selecticon of & band of irvegusncies AT

N

The affect

i1
<

EN

. . ¥ . . o
is to introduce Ffluctuaticns of periom.mfijzlfy whereas the eifeact
of the finite time of response of the system to variations of power

g to redistribute the energy received in the rapid pover

febe

received
fluctuations over & time o T (which is always >>r1ff)e Thus wvaria-
tions within time intervals less than T are effectively smoothed
swavy. In particular,; in ordef to minimize the effects of receiver
bandwidth Tluctuations 1t isiaecessary that we ghould have
C>si/ar.

Aggin, if noise from some external source is te be detecta-
ble against the background of receiver noise, it is necessary that
the mean external noise povsr should be greater than the most pro-
bable Tluectunatior in receiver noise. This is determined by the
bandwidth fluctuation rate AT, which effectively allows AL in-

ependent rectified noise contribtions per unit time, and the effee-

tive response time T , during which there are T A4 f independent con-
most prcbable RMS deviation £Pr from the

tributions. The/mean receiver noise intensity is & Iraction of the

-1/2 . . s o s
order of (T AT) / of the mean P.. The condition for detectability

Consider the simplest case where the recelver selects a band of
frequenciss AT = A®/27n, over which the amplitudes of the spect-
ral components of the electric vector have the constant value A

Then the resultant field is the reasl parit cof

¢+ )
~10% Aw/ YA
Eo © AW = A e 4 @
w - Aw/2
= A emiwdc 2 Sil’l{t 4’3‘:'\,’/2)
~ %
Thus the mear ampliitvde is
ol e 5 8in {x AT}
~ld e X FAT



egn power P nay tien be expres:ied as
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P> AP, BPN(T AT, (&)

where /A8 1is a constant of the order of unity.

It follows that receiver sensitivity may be increased by in-
creasing the product TATL. But this cannot be done withoui limit.
in order to record phenomena such as solar bursts, wiaich may last
for only a few seconds; it is necessary that T should be smaller
than their decay time so as not to mask their decay. Again such
phenomena oFften oceur only on & narrov band of freguencies, so that
AT cannot be too large if this band is to be localized. The sanme
considerations apply in detecting & small source against the back-
ground of sky noise. Thus, if a small contribution AP is to be
~detectable againgt the background noise P + P, from both the sky
and the receiver, it is necessary that

P+ P . .
AP >fjmﬂ§ . | {9)

Expressed in terms of equivalent temperatures, (9) becomes

At > 3 Tat (8-1) Tg (10)
\[(fzﬁ £)

Thus 1t is more 4Aifficult to detect a faint scurce against the back-
gcround of the Milky Way radiation than in the direction of the
galactic poles.

¥inally, we should note that in practice the limits to sensi-
tivity are zet not by background noise fluectuations se much =28 by

fluectuationsg in g due to guch Tactors as pover-supply voltage

3
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The Aerial

the recelver is alternately switched Ffrom the seyrial

This has led to the develapment of coaypiy 300 ayso:

tn

i_

sference loed {Dicke 1946, Ryle and Venberg 194k8).

as a Radio Telescope

The

the public

term "radio telescope” has captured the imagination of

in the same way as the term "electronic brain' is pree

ferred to the more accurate term "electronic digital cowputer.”

The extent

3
¥

¥ listing

seeing the

to which the name is appropriate can most readily be geen

the characteristics of a rveflecting opiical telescope and

extent to which they can be applied to an aerial.

Apart from the effects of diffraction, when an optical tele-

d

7]

scope 1

from the individual luminoug objects,

cone about
light into
objects as
or the =ye

the image:

{i) There is no magnificeation.

o

Lryectaed at a certain part of the sky it collects light
contained within a limited

the axis, in a concave mirror which in turn reflecis the

an ophtical system whence it can be directed on to such
e photographic plate;, a photonuitiplier; a& spectrograph,

of an ohgerver. We list the following characteristics of

The functicon ¢f the nmirror

is gimply t0o collect light and redirect it *to the instru.-
ments that analyze and record the features being studied.

{ii) Individual cbjects in the cone of acceptance of the

(iidi

telescops are recorded as objects in a field of view,
subject tc the limitations of intensity of image, resol-
ving power, and optical aberrations.

) A& wide band of frequencies and all polarizations of the

y
%

incident radiation are accepted. The sgelection o



parsticular freguercy band or pelarization ragulres
additional instruments.
The function of & radie receiving aerial is zlso tc collect
radio-frequency radiation from the sky for analysis. There

it

"field of view" whose image exists in the focal plane. In fact
only one point is "seen." All the radiation from within the cone
of acceptance ig integrated with different weights at the aerial
feed, which is normally at the focus, inte cne gignal 4t the agerial
output, in accordance with the relations obtained in Sec. 1.k,

The aerial temperature Ty, corresponding to the single point

.

"seen" in the field of view, is obtained as a weighled mean of the
brightness temperatures of the rays over a region of the sky deter-
mined by the direction of orientation of the aerial. Moreover, only
a small band of frequencies and only one polarization of radiation
is accepted by any aerial.

It is clear, then, that the aerial fTogether with the receiving
and recording system would more appropriately be descrlbed as a
frequency-gelective radiometer. A close optical analogy would be
obtained if the light from the reflector of a telescope were directed
through a color filter and a polarizing system and on to the cathods
of a small photoelectric cell placed at the focus. The output frou
the cell would then correspond to the output from an aerial., It
would, of course, contain contributiocns from all directions of ac-
caeptance az given by the diffraction pattern of the telescope, whicﬁ
is the precise analogue of the aserial radiation pattern,

Ag in a %elesccpe,.the intensity of the signal produced by
the radiation from any part of the sky can be increased by increasing
the "aperture” and with it the effective area A of the serial and

the gain G. ALgzain, Just as the regolving power of a telescope is



determined by diffraction at the edges of the iris 3top and is
proportional %o the ratio x/39 where d iz the iris dizmeter, so is
the aerial directicnal diagram - main and subgidiary lobes - deter-
mined by the overgll diffracticn or radistion pattern of the system.
Because of the wavelength factor, an aerial of ithe same resolving
power as a telescope would need an aperture of the order of 107
times 28 great. Again, the aperture of an optical telescope of the
same resolving power as the Manchester 250-foot dish would be only
3 x 10°& in.

Since an aerial with a fixed feed "sees” only one point in &
field of viéw, a picture can be built up only by scanning an area
of the sky, directing the aerial successively to different positions.
Although it will take longer to cover a given area with a narrow-
Lean aerial, better resolution will be obtained than with a wider-
beam aerial which smooths away some of the "fine structure"” prasent

n the distribution of the radiation over the sky.

foulo

The detection of faint radio scurces, such as the external
galaxies,; mgainst the general background of galactic radiation re-
guires aerials of both large area (to enhance the signal) and large
aperture {(for resolution). Both requirenments can be met only by
aerials of large physical dimensions, i.e. of large aperture d. Iu
telescopes the aperture d must not be so large that the off-axis
elfects of coma and astigmatism speil the image. This is determined
vy the foeal ratio f/& where ¥ is the focal length of the mirror.
Thig ratio specifies the angle of the cone of light from a parallel
bemm incident on the eyepiece or plate and, as we have seen, should

net be too swall if distortion is to be tolerable; e.g. a limiting
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figure of £/4 = 5 hag been guoted Por the Newtonian Teocus

oy i 2 PR s o~ N «
{Cassegrain £/16, Coudé F/30). In aerials, the value .o £/d is
determined solely by the requirements of the "feed", the small re.

celving element which collects the radiation at the focug of the
reflector. The simplest e
as we have geen, G = cos” 8, and other dipole elemenis are not

gualitatively different. The most efficient feed i3 a horn. A

gtandard range of design figures is about é to % for £/d&. Too high
a figure gives too much "spill-.over” resulting in conitributions

from the ground, whereas toc low a figure results in tco little
weight being given to contributions from the outer parts of the
reflector whence comes most of the collecting area.

For large-aperture telescopes there is also a mechanical upper
limit on'f/d imposed by the requirement of rigid support of the feed
at the focus. The d = 250-feet Manchester parabolcid has 1/d = %;

&

the projected CSIRO d = 230-feet paraboloid has f/d = 0.4,

L3

In order to scan an area of the sky these pencil-beam aerisl
need to be dirigible, and it is this feature which is responsible

for all the design problems, in particular how o preserve the figure

£

to sufficient acecuracy in all positions under the stresses due to the
variable distribuiion of weight and of wind loading

These engineering difficulties have been avoided for a limited
range of declinetions by using fixed paraboloids and swinging the
feed to various posgitions in the meridiaﬁ plang. Then in each posi-
tion a different strip of the sky passes through the beam as the

earth rotates. By this means the feed scans the image field of the

rellector in the Tocal plane. Hanbury Brown first used thiz technigue

2t Jodrell Bank in 1949 with a suspended-wire aerial for which



In 1951 Bolton znd bis co-wors.ors dug 4

v

"

S,
o 4

L3

paratoloid for which d = 80 feet, £/d = % cut of ths
2

Heights. The beam was swung some 14% on both sides of the verticail

in the meridian plane. Unfortunately it is probable ithat the ef-

fect of 3Ird-order coma {(ef. Wolf 1951) becomes quite sericus at

s

l1t. Thig may explain puzzling features

frdo

such large angles of

centered at declination -45% in the 400 Me/s survey of Malee, Slze

#K)

[n]

and Stanley (1955) and effects ascribed by Hanbury Brown and Hazard

iiffraction from the guy wires supportiung the feed.

o,
Jomd
O
A)]
(W8]
%3
O
ol

on of Aerial Sensitivity Fattern

tats

nat

feto

e” ial Smoothing - Elim

|l

The guesgtion arises, given the results of a survay over the

celestial sphere using a wide-bheam agerial, i.e. the distribution of

5

serial temperature T,, how Tar ig it possivle to reconstruct the

%

fond

4

distribution of brightness temperature Ty. We have Sec, L.h {1

N - 1 ] ?' E 4 e .
Taln) = 2k folma) T (m) a0 (1)
where Ta is known for all directions n at which the aerial is

pointed, and the gain funetion G{n,n’) depends on the orientation

of n' relative to n. The equasion {1) represents an integral equ&-
tion for the determinatioun of ﬁb, given T& and the kernel G, =5 tlLat
euy guestion is reduced to asking if 8 uuigue solution of the integ-

ral equation {1) is possible. The equation is linear and inhomo-

geneoud. According to the theory of linear integral eguaticns hhe

genersl solution cousiste of waat in the theecry of linear differer-

o-d

Einl eguations i3 called the complementary Tunction, i.e., ths genera

solution of the homogenecus eguation
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& particular seiution of {1). AL first sizhi

3

might zaem that the cemplementary function muet bve zare; siunce G

is essentially & positive function, the distribution of Ty requir=d
to satisfy {(2) must contain both positive and rnegsitive values, and

therefore corrvespond to no real distribution.
value of the sum of the complementary function and the partizular

Sa

sclution rather than the conmplementary Ffunciion vwhilch iz reguired
te be positive sverywhere, so that the difficulty ig only superfi-

2l. The guestion has been discussed in some detail, for cne-

5
A

[

¢
dimensional distributions by Bracewell and Rebarts {(1954) and for

two-dimensicnal distributions by Burr {1955) and Dracewell (1956)

o

It turns out that the complementary funcition consiats of an arbil-

trary superposition of Fourier oomPOﬂenﬁu cf the distribution whese

wave numbers ara greater than the reciproeal of what is virtually
the beamwidth. The regult is plausible, since this component wovld

be the Ffirst for which it iz »nosaible to have a zeroc average over

&

the beamvidth. It follows that Fourier components of greater wave
numbeyr, that may be present iu the distribution «f wa cannct con-

tribute o Eq so that there is no means of restoring them by analysis

m
[

of the T, distribution. The "principal soclution” of (1), defined

the distribution of T, less the high wave-number components, nay be
o] 5 J

obtained by replacing the int al equaticr {1) by a2 matrix eguation
Por diserete values of T_ and G. (Sce e.g. Bolton and VWestfold 195

2

The practical conclusion to be drawn iz that cbservations cuan

fuad

rial besr.

]
fai
ot
D
f3
4]
ot

aveal Ffine struckure of an order legs thar

o]
D
<
1]
i
’"S

width. This FTeature hags leng been recognized in optical astronomy,

in connection with the instruwaental blurricg of inmages and line

G.:
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Radin Interferometley

v b ez

Simple theory. As iIn cpiics, the rescluticn of =g instru-

ment of given resolving pover car be increased by utilizing the

prineiples of interferometry. & vreceiving azerial of poor resclue

1Sy

dichelson ine-

Lo
(1]

tion when uvged in conjuncition with another aerial {
terferometer) or with iﬁs'image {Lloeyd's nirror), spaced many wave.
lengths apart; has its beam split into a number of interference
fringes or lobes, distributed asccording to the spacing in wave-
lengths between the aerials.

Thus the response to & radic scurce of small angular dimen-
sions passing through the mein lobe of ene of the aerials is to
trace out the friange pattern within the main lobe. When the angulayr
width of the source is large, the interference fringes are over-
lapped and the fluctuations inp the interference pattern of the socurce
are reduced. The radio interferometer has proved iavaluable in the
detection of "point sources”. If the particular interference Ffringe
through whick it is passing at any instant is knewn, one coordinats

g inltr Lid+t

of itz position can be determined. Ttis st&g;gih can then be esti-
nated frow the ratiec of the meximum to the minimum power received.

Consider two parallel rays from the same scurce, incident on
two similarly oriented aerials distant d apart, and coming from a
direction making an angle 9 with the azis of the system. The phase

difference betwsen the two rays when incident on the aerials will be

S

A = 2xd sin 8/% . (L

{(For a Lloyd's airrer at a beight & above & plane reflecting surface



woevs Zit is th: phase change saffered on redlsoillor, wsually ftekon

az *.)} If %he avtputs from the two serials are connected to the

same receiver,; the available power from & point source ig P f

P = P_ {1 + cos A) {27

o)

and Po is the available power when only one aerial is connectzd.

To see this, consider a spectral component of the ¢

(‘\

vector of the radiation field incident corn the interferometer. We

-t

;,..

may write thig sg the real part of the conmplex vector

wiUJh - ( Yy +
o peniwt o, p-i(die + A

~ —t

y
f

The mean power in the bandwidth AT incident oan the interferometer

sroportional to

(RﬁE)fgf = 1 MfeAf

AeAffl + cos A

Since the nean wower P

Ko % ASA7F, the mean incident power is P . wWhere
P = 27F, (1 + cos A) .

The Further facior {2) resuvlts from the fact that the

k( }
e

N =
}J
=

are connected ia parallel to the same receiver, so that the maitched

inpedance s halif that required for a single serial.

Now let %the source he distridbuted ever a i

o]
teie
ot
2]
=
=
[¢2s]
oo
D
A-d
b-J
3

such a meaner that power plglds comes Trom the element dg at

2

angular distance ¢ from some cantral point on “hs source. Then, i

chis central point makes the angle 8, with the interiferomeier axis

i B

r.’3

s - - N L sy T gn Ay P e g T e P s A
alls™ e pover from the gaurce will be 2(@5 where

incident on one element ig proportional
o

aeprigls

z8ul tant elechric

v

L&
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fficiently

dath 2W ois sufficiently
¢ = & ¥ g, we may write

i

vhence {3) becones

"
- f p{o

ol iy
e ¥

¥f ve neglzet the variati
ity average T we can inte
P{e_} = 2
e}
From a single serial wve
fence we may writ

Pla_) = P
S o

- . < % <
which reduces te {2 FTor

5 A} { - " 2
“8q ) % 1+ coa 4
small over Lhe

mall, on making

(1),

for

) gl = cos Ae

on of p ever the

grate {5) to get

o 8

i

{1

cos z&@

should have had %

a peint source.

through the Ilaterference fringoes, 90 and
can be shewn that i cot 50 > » W the fluc
‘apid tharn those in (sin aoW)/a¥ se that @

4 X 8 —
(ery 18 L
4
whols goeurce, 1.2. 1f ths
the substitution
£
iy L5 2
in 6, }
{ 5]
+ a@}% A {6}

source and replace

in oW
W

)

he power PO

(v

Age the source moves

hence A, and oW vary. It

cuatioas in zgaare

:/’u

moyre

Pilretusces hetwesyg



max o o ¥
and
. lsin awl
Pmin = %o (L - —ow )

For a sufficiently narrow source the angular spacing between con-

gecutive fringe maxima is
g5 = hﬂ@ cos 8,) = 2n/u , (8)

which corraspon&gf to the period 27 of cus :&Oo Thus; the power

Py from the source is given by

P, = %.(P + P . ), (9)

while the angular width 2V is determined by the relation

Prax _ L1+ lsin owl /oW (10)
Pruin 1 - lsin aw| faw °

Ag W increases the ratio Pmax/Pmin becomes closer to 1. For the
particular freak case where the width 2W is sharply defined and
equal to an integral number n of fringe spacings, (8) gives

oW = nn and {(7) gives a flat response as the source moves through
the interference pattern, as might be expected for a source of uni-

form brightness. Otherwise, n is not integral and

for n sufflciently large.
A similer obsgcuring effect on the interference pattern is

due to the finite bandwidth Af of the radiation received., For thigs

A8, + s8) « Al8,} & {22d/MA)s cos O, = 2u.



see NRolton and Slee {(1953). The fringe spacings for nesighboring

wavelengths differ and the patterns overlap, so that ‘he resultani

maxima and minima are less sharply defined.

Fourier Anslysis of the Bource Pistribubtion in One Dimension

The relaticn (6) can be used to infer the distributicn p(g) of the
gsource 1f ¢ ig regarded as s wvariable. In general, the gsource

boundaries will not be distinct, but the contribution irom outside

1t

some angle W may bz disregarded or estimated by extravpolastiocn.

In either case the linmits of integratican may be taken as £ o0,
2o that
oQ
P{e,) - P =~/’p(¢) {cos Agcos Op - sin A, sip s )ds.

=00
The right-hand side represents the sum of a cosine and a sins trans-
form of the distribution p(s). IFf it can be assumed that pl{¢) is an
even function, i.e. that the distribuition is symmetrical; the sgine

transform will be zero and we shall have

: 00
r{o,) - P
(s ] - B ) ,
2 cos 4, f.@(sﬂ cos g ds
o

the Fourier cosins transform of p{#). The Ffunetion F(x) can be
found empirically by taking observations for different ¢ which will
sive {P(SQ) - PQ} /2 cos z&ﬁo Then the distribution pl{s) can be in.
ferred by evaluating the dusl transform

GO

p{z) = % 4['5(a} cog Qg Aan. {12}

O



cen be gesn Frew 15) that p{e) could, in tvheory,. be cbiained by

waklvyg the readinge of P ag the center of th

1]
[ 53

souree ucves through

§. . However, records of radiagtion received

are ot 8o clear that the source contribution can be confidently
estimated against the general backgrqundg The difference Ppasx = Pui..
however, 15 practically independent of the bhazkground snd can nmors
»easily be estimated from the records for successive maximg and minins,
at which cos .AQ = £ 1 while &, remains practically constant. If

this difference ig determined for different spacings 4 gt the sane

eogition @,, the function

— Fi ; A
P = (Ppay = Ppinl/h (13)
will be determined for different values of @ given by {5). The

distribution p{g) in one dimension is then given by (12). In practi:

£y

F_iu

t is not necessary to wailt for a source to drlft through the inter-
ference pattern. A steady variaticn in phase A can be intrcduced
elecirically into the system so that tﬁe fringes sweey across the
sourcs ingtead \

Such & strip analyvsis was first used by Stanier (1950) and
ezain by Machin (1951) on the Sun at 500 and 81.5 Mc/s. The resulting
function p{#) represents the sum of contributions over the chord

#z = gonstant. Assuming that the distribution possesses circular

symmetry they were abls to derive the brightness distributior across

-3
o
0]

any diameter, methcd was zlsc used by Bolton, Westfcld, Stanley
and Slee {195L) to determine the brightness distribution alonz a

digcrete source of large angulasr width.
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RADIO ASTROEROMY

Chapter 2

Blectromagnetic Wave Propagatica
in an Ionized Gas
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Electromgonstic

2l LR E

Bagic Eguations

The equations of

maraday -Heunann law

and Maxwell's generalization

1 2

D
cu H - 2= = J 5
~ %

4

where J is the total current

veectors. In an ionized gas
D = &,E, H = X B
ro gl o=

where E

If the gas consists of various speciess

Py

mass m,, charge g, number density ng
o pa) &

1
M
=

s
o
o

<

These velocities are referred to the m=sSs

[

which is defined by the relation

{(Svu.m )y = 2o m. ¥, -

PR ZFBAE

The mesn peculigr veloelity is then defined as
"S =] '{’E - Vo

so that

i,

velooity

the

field

Por wnieh the meleculies

and veloeity v,

. PR s L
Voo Teiedt o4 g
pe

A5 fferepeé

€y gre the permeability and permittivity »i Iree space.

hrave



& Vs

Thz guantity

W

i
™
3
[0

&
[¢]
[92]

is the denaity of free chsrge so that first term PFV is the

convection cuvrrent density. Thz second term repregents ths {iow
0d current relative to the mass of Fluid; this is the copductiecn
current

J = Z.H*SMV% o

S 5 8 ~5
Thug we Lave fthe %oizl current a3 the sum of convection and con-
ducticn currents

I T fev t d - i

Sinee the total charge is conserved ‘¢ gubject te the

’ Lt
1Y
[
[ 5

T
2

squation of continuvity

™y
7?%2 +div J = 0 .

vy
o
—

The subsidiary Maxwell equations follow frem taking ths diverpenc:

of (1) and of (2) using (5)

div 3 = 0 {4

R}

We shall here be interested in the case where there ig nco mags

div D

motion of the gas so that v = 0 and hence

e
e

The foial murrent is new the conducition current waicl 15 subjeas



&n eguation which is a generalizgtion of Ohm's lav
J = OoE .,

wvhere o is +the conducthtivity. It is obtained by considering the
equations of motion ¢f each species and combining them 2o as to
give & condition on Qo Fortunately, the gas 1is Lorentzian, i.e.
the moelecules of one species, viz. the elecitrons, are considerably
lighter and hence more mchile than all the others. Conseguently,

t is a goced approximaticon to regard the conduction current as

e

being principally due to electrong; of mass n, charge e and mean
peculiar velocity V.
Since j is principally due to electrons, we may obtain the

generalized Ohm's law from & consideration of the motion of an

average electron induced by the eleciromagnetic field. We have
my = e (E+ VAB) - vaV ,

wvhere the last term represents the danping effect due to collision=
with the other molecules of the gas. Roughly speaking, the average
effect of a collision is to extinguish the momentum of an electron,
so that ifthe electron suffers on the average v collisionsg per unii
time it loses momentum at the rate vmV. A more wxefined free-path
argument is given by Burkhardt {(1950). In terms of i = neV, we

have thsz required result

J~B - (9}

o 4
c-*'!(c.«
b
<
1Cde
]

L bt
+
gim

The matitzr has been investigated for a binary ionized gas by the nol

Tt



preaiss velocity-distribution methods of Chapman and Rnakeg by
Westfold {19531). The damping constant v Zurnsg eut 1o he & mean
collision frequency given in %erms of the coefficient eof mutual

diffusien D gnd the kinetic temperaturse T of the gas,

n 1

n; +n mb 2 (30}

where Dy is the number density of the other component of the binary
gas® and k is Boltzmann's eonstén%o

For a fully ionized gas Chapman and Cowling (1953} Seec. 10.33
give

3 2 kT
16({n+ny )} | =m

1/2( )/ Lal1s7, ") (11)

where Ebi is & constant whose value will be discussed ip See. 3.3.

Thus we have

1!' 1/2/ e e £ (1 .
¥ = 3 ni m &W‘ n &Ol ) 5 {12}

which 18 4/3 times the electron collisien frequency.

Again, for a slightly ionized gas the encounters made by the
electrons are principally with the neutral atoms. In %his cage,
-Chapman and Cowiing (1953) Sees. 9.81, 10.22 give

\1/2

P e i, (2 kT YT (13)
16(n=¢-ni )a m /

where ﬁ@e is the crozes sectisn for an encounter. Thus

i/2
(M) a? . {1k)

By

v = 8
3 m



ol

We note, ircidentslly, that by identifying the two furmulzme Teor D
we get an effective collision erosz secilen fer Inverso-squares=lew

encounters.
i

LIn C.EcBe SoM.Ue By ® hyw, Cg = lfkﬂegig

Lorentz Theory

We now consider the propagation of elecéiromagnetic radiation
in &n lonized medium at rest under no other external fields; in
whieh the pressure is unifora. Ve negleet such muss veloclities and
pressure gradients as may be inpressed on the medium by the electre-
megpetic field, so that the generalized Obm's law ia the form

Sec. 2.1(9) is applicable

>},‘l nea @
Frvos HEegan.

If the impresssd electromagnetic field is small, the last term is
of the second erder and may be neglected. Thug we get the linear

conductivity relatien

e

L vij;, o %—E 3 (1)

Clearly, the conductivity is a function of the frequency of thz
redieticn 8o that the medium ig dispersive. In practice ve are
u@uélly interested in only & aarrvow band of frequencies so we can
censider s monochromstic field represented by the real parts of the
complex vechtera

E = E° g 1% s eteo {z:

s

Then (1) becones



(=160 % v)§ = € 0, &
where we have written
() 2 ne2 {
€4.3 = 3
[In C.g.8. units fge = 8,06 x 10'n Beﬂmeg £, = 8.98 x 103 a e/,
X oo |
vhere £ = Cdgféﬂii

which we shall see in See., 2.4 is the square of %he anguaiar electron

plasma freguency. Thus

e
where
e - 4 !
g = 1w £V m (5)
and
x = akgﬁuz, z = v/o) . - (6)

The dimensicnliess guantities %,z vere first introduced by Appleton
{(1932) and are now standard. Taking (&}_with Sec. 2.1{2) ana (3)
we have

eurl B + i8lp , EL,E = Ry« B

o~

curl B + dwuy e, (1 - 2 _)E = 0,

82 that the guantity
E o= 1. oFe (7)

i3 effectively the complex dielectric constent of the medium. With

8ee, 2.1(1} we unow have the twe equations

Pl

Note that (3} reduces to Drude's formula (- = negfmv in the ststic

case where W = 0O,



curl B + 134 KE = O (&Y
a4 e i

and

curl E - 160 B = O {9)

g

to determine the complex monochromatic fleld vectors. Taking the

divergence of sach we get
KaivE = @4ivB = 0, (10}

whieh correspond te Sec. 2.1{(6} and (7}. Now in general, ;v and

a will not be such that X = 0, so we shall for the present take
divE = 0, {11}
whenece, by Sec. 2.1{(7} and (3),

Py = €, div E (12}

ig also zero. ¥We shall see in Sec. 2.k that in the othzr case we
have an oscillatory diptribution of free charge density Pe and an
eleetromagnetic field which is not propagated.

Eliminating B from (8) and (9) we get
_ Q}z
which by wivtue of {11) reduces te
.2
w2+ L5558 = o, (13)
e
The simplest sslutions are those corresponding te plane waves

E = EY eci{r&}(‘t = g ncg/e) ) f1h}



in which u is & upit veetor;, ip the divestion of propagueiiny and

6 iz the vomplex vefrmetlive Indexn, written

S

g = M P LAy R s

where p is the erdinary real refractive index and }. the absorption

index; smuch that @Jﬁje is the stienuation facior and
K= 20k e (361

the abporption ceefficient. Hote that wve distinguish bstweesn the
amnplitude atienuvation factor and the energy absorption coefficient.
The latiter is more important in radiamtion theory, where we are con-
zerned with the tranefer of energy.

The complex refraective iﬁ&ex i8 now determined by substio

tutier from {1k} inte {13). We get

2 2
~;§ (- & + K} = ©

vhence

£ = K, {177

the game formel result as for propsgation 1in & dieleactrie medium.

Also, by (11},

E = O £123
&~ s
and by {9)
B =3 axg , £19)
PR e IR 4

2o that the fleld iz entirely transverse to the direction @f'yrﬁyﬁe

gation.
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Raefractive Irndex and Abgorption Coefficlent. The eguaticns

{7) and (17} give the complax refractive index in terms of the

paramaters ¢f the medium

2 .
| 12 . 207
v o= 1% 1z (20,
In the case where collisional effects are negligible, 9? = 1 - &
is wholly real. This 1z the formula of Egcles {1912) apd Larmor
(192&)0 There are twoe distincet cases, separated by the zero
® = 1; viz.

0<x<1, whence d?‘}() so that, by (15),
o= V(1 -x), A= 0
and x> 1, whence q2<0 0 that
w o= 0, X =(z-1).

In the‘fcrmer ecase there ig no absorption and the wave procesds with
the phase veloecity cﬁf{l - ). In the latter case, there is heavy
absorption and the wave has a2n infinite phase velocity. The be-
havior is exhibited in Figure 1. Thue, if a wave of zivesn frequeaney
4 is propagated in & medium where the electron density n is such
that @wﬁe = nee/mggvzﬁwg, there 1s no absorption and the wave pro-
ceeds without inhibitieng if @}02§>QJ2 propagation is irhibited.

For thé practical cases of propagation In the ilonosphere and the
corons z is small, but not negligible, so that first aprroxiasastions

to the equations for u and 3@ in {20) are, since

’

:MQ
1—12 = /{\,, = 1 = x-—— 2 gu}f‘; SR 5
i+ z* i 4 =
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pom N{L - %) . 4 0w exfal{l-ax), 0<u<l, |
p o= =zxfaliz 1), X = Jiz-1), x> 1. j

Here there is only slight abmorpticen for 04x 41 80 thaat propaga-
tion is relatively uninhibited; for 2> 1 there 1ig sgaln heavy sb-
sorption and the phase vel@éity is large, but not infinite. The
above regults, obitained for uniforsm media; may be appli:d ¢o uocan-
unifora media &0 long &8 p and 3@ are aubstantialiy constant aver a

medium wavelength, The Pormula {14} is then replaced by

5 = B e-i®(t- fadsfe)

vhere the integral is tasken cver & ray trajectory.

The criterion that G< x <1 for relatively unminhizited propa-
gatlon restricts the regions of the loencsphere arnd the velar atmes-
phere zgcessible to obmervatlion on any frequency ¢ to those for
vwhich é@ezégﬁ@z, i.€. td the lover and outer layers. The eguivalens
path and abgorption for ray trajectories in the ionosphere heve baer
calcoulated by Jaeger (1947} and in the corona by Burkharxdt and
Sehilter {1949) end Jaeger &nd Westfold (1950), using Snell’e law.
The situetion is illustrated in Figures 2{a), 2(b) and 3, iz ternms
of the frequencies £ = /2x, fo = W,/2x. The eritical fraguency
¢f an {ionospheric layer is £, = (fo%waxa Typlcal values are
£, = 3; 4.5 and 7.5 He/s in the E, F; and Fp layers. Hote that enly
one ﬁréjeeﬁory of thé fanily appropriate te an observer rza:skas the
level fo = £, The accessible regions are delinested by the snvslon:

of the family ef “rajectoeriss.



Average Ensrgy Density and Povmoting Flux, In & moboghre-

wutic Pield the snergy density U and Poynting flux veeﬁayi§ ara

given by
v = L (reE)? s 1 (mem)? , |
2 2y {e2;
8 = RCEARRE .

Sines we are only interested in variztions over times gre&gter Lhan
“he pericd it is sufficient %o censider averages aover the period.
Fhus

N S L

T waxt :
: v Toy

Fib

{0

aéaﬁ(g ) = 3 RE (BhE) ,

where an e&sterisk denotes the complex conjugate. Since, by {19},

Y S
2 1o 2 22 ~a ! 2

A is Q%‘EEQ « Jqj<e_lel®
Uy 5 § 1o v

5% !

AE = S EalpeE) = a &elel® p,
S uvg« 2 -

we get, using (16)
e . 241 nl e Ene K‘v
U @%év(l+uge~.?z()gﬁé e~ FRE
( 23

8 = feeuclE|®e-KoE, | J

Both U and § are reducsd wccording ¢o the ebsorption cosfficisnt K

&8 the wave proceede. HNoresover,

g = 2y Ten Ly
2 52 =2y e
I 4+ p + A

=

s¢ thar erergy density is prepagated witk the veloeity



g
] &

) .
2ue/{1 o+ ¥ ¢ A7) in the

k3
it

regsion of grovagodicn.  Thiz i1g dews
phan ¢, a& it should be.

Group Veleeity. Ancther veloolsy nppropriate o the propg.

gation of a group of waves elugtered aboub the‘frequen@y o) da the

group veleelty uw = d@@f&k where the propagation constaznt Lk = @it

This gilves

u = € . {5
a{wnl/an

Tn & region of uninhibited propagation {21} snd {6) give

B = S0 . wF)

3® thad

afwyp) _ .
@ - JEETewg C Tae o (8

Bance

un o= pe, , (27

which 1& sgsin less than c, as it should be.

The Magneto-ignic Theory

This theory was devised by Appleton (1925} and independently
by Nichols and Schelleng {1925) to account for propagation ian the
ionosphere under the influence of the Earth'’s magnetic £ield. “The
gituation is the same as for the Lorentz theory, except that in
additicn & uniferm magnetic fleld of inductien By is imposed on the
medium. In thisz case Bafﬁs %?;&gnituae of the magnatie vscisr of

the Picld o that the Obm's-lav reliation Sec. 2.1(9) becomes

ayf &
shhe,

03
SO,

§



where wWe have wridtten

0,‘1 . P »" a
W = eBo/m (2

ffer By in gause fy = Wp/2x = 2,80 Bg = 106 ¢/s)] a vestor vhess
nagnitude 18 the sngular electren gyro=frequency: it is the angulsmsy
veloelty with which an slectron rotates about e line of foree of
the Flsld zpo The squation (1) i# agein linear homogeneous, hut the
new term has introduced an arvisoiropy inte the conductivity relation.
For monochromatic fields we have & tensor relatien beitween tha com-

plex vegtors;
(-1263 + v}y + wpad = E; 02 E,

or

(1 +12) J+ 1 ya) = 12§, % E, - (3
vhere we have now introduced Appleton’s third dimensloniezs parameter

&3

We can golve for d in terms of E by considering components EF, , B,

9%

par&llél and perpendieular to gﬂ the imposed statle Fleld. We fipd

R R Al P Tl R e e T s Y. {5
3 v T % 1z <0 (1 + iz)e - yé P (1 + 3232 R yQ 7 =}

Comparing (5) with Sec. 2.2{l4) we see that the conductivity
sleng lines of force is the same as the Lorentz value; theve iz alsoc

g compenent of Q al@ng'the direction of g&, gnd in additicn & some

=~

ponent transverse t6 both By and E, the Hall current. &3 for sdaeb

L

flelds, ve mey write {ef. Cowling 1953)



= TB, + TUE, * " kAR , {c:
525 &) 3

w

where @ ig given by 5@@202{5)2

LB {1 % iz)®-
v {1+ 1ig)=e - y©

(1)
iy{: + iz} — j
&% = {1 % iz)c -~ y= Y os

v, |

F

and kX is & uait vector in the direction of Bg. 8ince the charge
on an electron is negative the last definition implies y = c;j,f}go

Ppig result is equivalent to the tensor relatlon

3 & T o
ey =

i)

2 (8}

which repliacaes S@;QQQ(HO Tnstead of Sex.2.2(8) and (7}, we get

=

curl B + i%K" =0, {9}

B

whers 5 i the complex dieleetric tensor, giver in terms of %

and the unit tensor U by

- T-—-»" ° {10

Then elimination of E‘, from the Pield eguations gives
2

curl eurlg=%§;ggﬁ0 5
oy
2 ®° S
(V" - grad Aiv)E + Zz K - E = 0 . {113
o - NL: i
# Hote that {6} reduzes to the standard static formulae gt = qm;%,z..?
El

G o= hi @?ﬁmig— Por s 0,

\}}'72- e ‘@.ﬁ)g{




We nono that fn this cags div B 5 @

3 what, by » 2:1{7} and

%

{3), taere ig a distributics of free chargse Taking the

(JQC‘

divergence of {9) we see, however, that
div (K * B} =0 , {141

a8 in crystalline media.

Again the simplest soluticns of (11) are plane-wave solu-
tions of the type.  2.2{1L4}. In theme, since 3v E £ 0, the
electrie vectoer E iz not transverse to the directiocn of propa-
gation n, although by (12) the vector é - E is3 by %22.2(9) «o is

the nugnetic vector B. For such solutions (11) gives

~q®(E-nn-B)sE-Emo0, (13"

R

8 linear honogensous relation betwesen the compsnents of E&that

can be satisfied oply 1f g aatisfles the determinantal squatisn

(1%}

?
i

=
RETE

§

<

P

4
|25 - m) -
p

U

Cearly, g will depend on the direction of propagation. Thexn
the reistisonsz beiween tha components cfig are specified by {13);
hence algo for % anddgf Thus in & nagneto-iocnic medium heth ths
comples refractive index and the polarization of plane-wave Tisglds
ere determined by the imposed maganetic field and the dirrction of
propagetion. It 18 not arbitrary as in & Lorentz medium.

FThe algebrs invelved in the programme indicated ig rather
heavy, tutl some simplificetion fellows 1f; a8 in erystal optics,

we chooge s%Zeg slong the principesl directions of the tengor K.
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thie wa= deone by Ea&ﬁﬁl& £1949); sinee $he refarsuse trind of
walt vestors ig complex the presedure iz & litile sophisuicated.

Again, 1P only one wave 1% being consgiderasd in & unifersm
medium it may be convenisnt te choose the dirsetion of propagation
a8 one of the coordinate axes and the plane cantainiug‘g anﬁ‘gg &

& coordinate plane. Thig will be useful vhen considering the po-
larization of the wave, However, the variocus components of §4m&k@
for cemplieated algebrs.

The simplest procsdure appears to be to work from (3)
instead of the more complicated inverse relation (8}, Thus, ve
eiliminate 5 and B and are left with a simpler ﬁelaﬁion betvween
the eomﬁdnenﬁg of if We choose Cartegian axes such thatlg = {0,0,1}
and B, is parallel to the plane Oxglx3 guch that B, = B _{sin &, ©,
cog 6}, i.e., § i3 the angle (2;29)0 Then y = -y {sin 6. 0, cos @8).

Writing the ratio of the transverse componeunts af_g as

*}g - Q, {15)

and carrying out the elimination, wve get

pol ‘ X . -
¢ =1 - I Iy Ges @ (16}

whayre

iy sin? @/cos @

2 .
Qs  ~ T Ie e ¢ 1=0. (17}

These ave itogether equivalent %o the Appleten-Hartree formula.

Bince {17) is quadratic thare arsm #nly ivo pogsible types of wvave



Ter zny n. The directiou of } segosiated with sithey of thase

iz given by

.“j..i.. = ﬁ;. ¢ . 43 ° e 5%
1 8 " IETE g /{1 + iz - %) (18,
To determine the polarizatione of the waves vwe nesd to

find the corregponding relatiorn between the cemponente of Eﬁ

From (3} and (18} we got
B, Bo Eq e

— Izyq 8in 8 R $5°)

1 Q 15 4z - 2J(1 * 1z 5 136 508 B]

The ratio 6f the ceuponents of E in the transverse plane is equal

te the ratie of the same goupcnents of Qf toe.o,

Befea.
1 31
Thug 4 iz the complex polsrizetion which determines the charscter-

istiss of $¢he eliipse traced eut by the prejection of E onto the

traunsverse plane. Sincee again

B = %Q%\g ) {20}
B3 is entirely transverse, such that
L (21)



Particulay cases

.
i

{3) Longitudipal propagation (gjé B, 2in 8 = 0.

{17)s Q2 + 1 = 0, whence ¢ = ¢ i, specifying %%% eircular polarizctic.

{16}z z e
e =1-773 iz ¥ ycos 6 /cos @ ¢

{19):

i

E i
= 3t *% -

The fields of both vwaves lie entirely im the traneverse plane.

The two values of qap sorresponding to
leos o
Q@ = + 1jcos 6] fcos 8 ,

are

2 p: 4
L O S T

® o
1+ iz + ¥

qaﬁmzmla

Ky end KE are twe of the principal values of the complex dielectris
tengor é? sorresponding to the complex eigenvectorg perpendiecular
%o B {see Westfold, 1949).

The characseristies of propagation are zimilar te those f
the Loreantz formuhaSQQQOE(EO)O For z = 0 the zeres of K, Xp &re

gt ® = 1 %+ y, respectively. Instead of Sec2,2(21) we havs
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The regions & relatively uninhibited propsgation fer wave 1

Py

# 0{x2 1l - y, and for wave 2 1% is 0 <x {1 + y.

{11) ZTransverse propagatinon (n.l B_, z08 8 = 0)
Te 1st order for cos 8 small:

g
(17): @ = ix/eos

1L+ iz = x - ,
1+ iz - % = (0}, or iy/cos @ <5 (%9}, speeifying

linear polarizaticu.
(16)s q2 = 1 <

% x
I+ 1z = y8/(1L + iz - x) » °F 1-

1+ iz
Bl m oL = Ak k2
o 1 {1+ 1271 ¢ 1z - =] < ‘

The twe vaiues of qgg eorrespanding to

Q = (@9 (@}s
Bre
2 X "
1 =Ky =1 - 5T7p’ 5
% {ok)
2 % o
=Ky = 1 = » §
q Y J

1+ iz - yoJ{1 # iz - %)

K3 18 ths third principal dielectric counstant which corresponds ¢o
the real sigenvedor parsliliel o 2@ In the transverse plane the
iosug &f the projectien of Eﬂis 1inear; thig is actually ths
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of the elesctric vector of wave 3, its direciion Dsing always

parallisl to B,, whereag for wavs 4%, wbile the prejectica ol E ia

&~F

erpeniienlar teo Eﬁs ¢here is alge a component in the direction

el

of prosagation. The propagation characteristice of wave 3 have
heen investigated in %gWEOQO For z = 0, Ky = O where x = 1 ¥y,
the same zeros as for Ky and Kao Hovwever, in &daitioagﬁk has &p
infinity where £ » 1 = 32 {see Pigure 6}, If the effeeh of cole-
1igicnz i# small, but not negligivle, tae infinity is rounded off
4; the usual manner of resonance curves; crossing the x-axie bve-
 ¢ween large positive and negative values. The curves for u, A,
depict two regions of relatively uninhibited propagation;

3£ LY =y and I - yég;xagl + ¥y, The latter, mére dengse vregion

iy usually insccessible because of the barrier betwesn = = 1 - ¥

and % = 1 - ygo

Gepnersl direction of propagation

There is an contiauous transitien in the properties of

the twy wvaves as the direction of prepagation :hanges from longi-
gndinsl (@ = 0°) to transverse (9 = 90%) o lengitudinsl {8 = 180%)
in the opposite cense., This is somevhat complex but i¢ hes bean
traced by Wesgtiold {1951) for the cese 0y 1l illustrated sbovs
&nd when y3» 1. OCenerally speaking; thers are two waves which wi
denote by U, % having complementary elliptic pelarizatisns Qa?
Q@ such that Quﬁé = Lo

For & vange of directions near € = 0% and 9 = 180° the crarace

Lerigtics are similar ©o those of longitudinsl propagetion sul nre



tarped juagi-longitudinel {(QL}. Phe wave 2, 1ike wave %, lis =
&§

3
N o - . ay .
rarn $n g {2 = 0) at £ = 1 4 ¥ &ud the wavaf; at ¥ = 1 -y, Lins

wave 1. Thug, there is relatively uninhibited prepagation of

wave ¢ for 04 x<4L + ¥y,

waveg For 0L x L) « ¥,

The cheracteristicecse of propagation change over to the
gussi- transverse {QT) form at critical dirsctions suedb that
Gam Qs Y 5 q, o BY {17) thie is where both x = 1 and
z = ¥ @ina Qﬁ?%aﬁe 933 If;, ag is usuval, 2 <<y the QL zones smre
within & sumall asngle #§ from the directions of the field 2@ and
©f -By, where 6° = 2\3ﬂﬁ§)n For larger values of sin & the wave
¥, Like wave 3, has a zero in qgiz = 0) 8% ¥ = 1 and the wave 5%
zares &5 ¥ = 1 ¥ ¥y and an iafinity st x = {1 - ye)/(l - ygeaggeig

1ike wave b, Thus, thare is rslatively uninhibilted praﬁ&gatisn of

wave © for 048K 1,
wavae L for 0 <x <1 -y end & - y23/{1 - y2¢ﬁ§_9)< £ €1 v

anpd For 0O<x <l ¢+ ¥y if y2 1.

Fuor 04y <1 the istter, more denge, region 1s usually inasccessgible
o obgevvation.

Although it haaAnot been p@ssiblé%t@ calculste relisble
trajecturies, equivalent path,and sbsorption for rays in the iono-

aphere and corona taking inte acceount the effects of &n impesed

ébﬁ&a Hentfald (1ﬂhg;°
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b

megnetlic Pield, the delineation ef these regione {(Figures 7 aud 8)
enables cartals gqualitative eoneluéi@ns ¢ be drawn. Tao geuneral,
propagation wiil bve QT sc that ¢the regicns secessible ¢9 observa-
tion will be within the zones 0L 241 for vave ¢« and 0< 23 - ¥
for vave ﬁ;; the region near the level z = 1 4+ y ia asccessgible aenly
in the QL directions very close to those of + B.. A fuller discus-

sion for the solar stmosphere is given in Wesifold {1950}.

Plagma Qgcillsitions

Ty %% 2.2{10) ve saw that for an electromagnoetic field in

an lonized medium with no imposed magnetic field
K aiv E =0 {1}
: fad

We took the case where K ﬁ 0; se that the free~charge density

was zTero, and found that a propageted electromagnetic field ra-
gulted,; in which plane waves proceeded according to the coemplex
refractive indey g vhere qa = K.

| Let ue now consider the other alternative offered by thes

squation @K = 0, viz,
e

@, # 0, K = 0. L3)
Then,; sincs
»;ef G o o @ 4
?e = \“\’:}e e“'lwtg ‘E 3 EL e i(‘tg ﬁt@cp ,‘2{’)



ve cenzlude that at any point ?a and the Tield vestord seuillate
with freguency and damping determined by che cepdition (3}. Ws
say that the medium is executing plasme cscillatiens. Fhug W

is a complex guantity determinped by @@62 and V. By %c2.2(7) ve

have
2 =1 % iz,
i.e.;
w? ¢ 1Y - @2 = 0,
giving

W {2/2) 1y £ V(02 -0/ ¥R, (5)

In é@ntrast te the case ef wave propagation the spatial
dependence of ?§§ E and B 1is independent of . Instead ofqggeqeizg}
we have

eurl curl E = 0 . {6}

The simplest case is where the £ield depends only on the Cartesian

conponand 4@ sn-° r, Then {6) gives

o

2
a2E",
agz = °

where B, = n A{E an) is the component of E perpendicular to n.
a—cL o ~e ot Far (a4
Thus we get

E, = {81k + Bg)e ¥, (1)

where A7 ° 5 = Ap - B = 0, The £iz1d equations impose no restric-

gt

2o 2 3 >.\‘
tion on bthe & -3epsndence of the component E% = E ° 2aa and



hense of

By Re2.2(9)

B = 1 DAAN_ enim P {93

Hap LW e

which ig transverse %o n, Thus, the %ransverse cscillatory elec-
tromagnetic field in dhe case of plasma osgcillations may be re-
gzrded as the limiting czse of a field propagated with infinits
phase velocity. The longitudinal electric Pileld is associated
with the frse-charge, or plasma escillaticns., %Fhe matural fre-
quency and damping constant of the medium are 'f(m 02 n-(l/% \;2)
gnd{}/é@ﬁ; vhich reduce to (3, and O when collisionsal effecte eare
negligivble. Hence @39 is preperly called the angulaxr frequency
of electron plasma oscillations. The resuts cbtained here are
typical of thoge retulting from the more general decompesition of
E inte solencidal and lamellar components {see Field, 1956).

In the pregence of an imposed magnetic field the cendition

corresponding to (1) 1is &&293(12)
div (g’ ° g) = 0, {10)

which ssnanot immediately be interpreted in terms of ?eo This iz
pespnibie oaly in the cages whete-%rig parallel to one of the prin-
eipal directicons of the conplex dielectric teasor ga In terms of

the principal components of £ it cen be shova that {(2) anda (10)



beaons

and

the medium beipg upiferm. It can nov be seen that 1% the prin-

eipel components o _ther than Ey are zero {2) and {10) give

end the medium will execuite plasna oscillations if Xy = 0. The
frequencies and damping constants of the three ﬁzypes of oseilla~
tion are determiued by the real and inaginary parts of & as
given helovw:

Type I: Kq = 0

z =1 % iz - ¥

f.e.y

@2 4 é@(i'@ w @g) = @\}02 w O,

giving
W= - /2) ey - o e TiE® v @y (19 - &3@)2} (12}

Pype IL: 53 = O

£ =1 % iz + ¥y 5



g =14 iz ,

152 2 10V - ©Bo° = 0 ,

Ziving
wh s -(1/2)5

5
-

s o2 - /% 2

{14

The first twoe types of field, corresponding to the complex

prireiral onponents Ey and Ey, represent real electric vecters

rotatizz about the directien of‘QO with aagular velocities and

damping determiped by$@19 as given by {12}, and aﬁgzg as giver by

{13)s the third type repregents a real eiectric vecter along the

dirsetien of §@ zxecuting demped iinear oscillaticns dstermined by

:‘35 25 given by {1h). By'%&2g3(ll}9‘%a202(9), and {2}, we have:

Type I: E, = 33 = O
% W
@& Ej_ & }2 ELZ & 0 5
9x] oX2  2%3
. 1 }e E""
Eik¢£@g~%xgﬂ Ega(}? 33
7 = L jﬁ;«%}a
s v gy



Zype 1%y B, =E, = O
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Apglieatien te n@nsthegﬁal enigpsion from theMSun'

Radio-fraquéney radiation fLrom thse Sur is classified by
Pawsey and Brasewell (1955) umder the fellowing heedingss
{1) Thermal cempovent
(1) Sievwly-varying cempoenent
{111} FHoise storms (ém:aeed radintien)
{iv) Outbursis |
{(v) Iscinted buzsts .,
Eé digeungs these briefly im turn:
{1} Depende om the Zivetic-ltemperature digtributien in

the goisr atmesphere and Hhe optical depihk of varicus polnts of



the ray irajectories. It ia due to "free-free tranaitianeﬁ inm
encounters between electrons and protons and provides a background
below which the brightness czunot fall. We shall consider the
thernmal component in Chapter 2, with the aid of the knovliedge we
have gaiped of ray trajesctoriss and the abgerption ceeffielient,
{1i) Occurs on decimeter wave lengiths. Apparent tempera.
tures reach tvice the background value. The waristions above the
background take place in times of the order of a month, showing
a2 narked 27-8ay component. Measurements indicate a 3lizht degres
of cireular pelarizaticn. The radiation appeazrs 4o come Lfrom
dbright areas over sunspot and other aétive vegiong. Its origin
ia pessibiy thermal srizing iz locsl regions of the ceorona of high
dengity and tempersiure.

{iil) Ocecur on meter wavellengths. Apparent temperatures
are of the order of 10100k, Allen used the term "noise storm"
because of the simnilarity of the records to thoase of magnetic
storms. The phemomenon is characterized by s long series of shoerto
lived bursts, termed Type I bursts by Wild {1951), superimpoged on
% high eahanced level. Their duratica may be anything from hours
to days. Noise storms exhibit defimite eireular polarizstion and
have been assecizted vith aress above sundpsts.

{iv} Occur on meter wavellengths. They are termed Pyps II
bursts by Wild (1950a). Apparent temperatures are ¢f the order aof
1e1°@xo Thelr duraitlen i3 fer minutes. Type II bursts have hesan

agsogiated with some flares. They 2xhiblt freguency dvrifits «f the



erder of 1/h Me/e per second, which corresponds %e speeds through
the foalevels of ¢he covona of the order of 500 hm/ses, of the
sams order as for the corpuscular streams that are believed to
ageompany solar flares and to be respensible fer the aurorae and
for non-recurrent maganebic storms.

{v) Ocecur on meier wavellemphs. They are termed Type TII
burSts by Wild (1950b}; Appareht tenperatures are of the order of
1099K. Their duration is for seconds. They exhibit Irequency
drifts of the order of 20 Me/s per second, vwhich corresponds o
very large velccities of the ofder of 105 kmfsece No correspond-
ing phyéic&l velocities had been essociated with such drifts until
Wild, Roberts ard Murray (3.95#)’ pointed out that the time delays
between the onset of solar flares and the lnecrease of terrastrial
cosmic-ray inteunsity Sometlimes ochserved was congistent with such
particle velocities.

The mechapiem of radiation of Types (1ii}, (1v) and (v}

i@ not know¥n. Since ths apparent temperatureé gquoted can be in-
ereased by & factor of sbout 100 when converted to brightness
temperatures over the reglon of origin, there can be no possi-
bility of assigaing such radiation to0 thermal proaéasese

Shklovsky {(1946) and Mariyn (1947) independently suggested
that the radiation might be due %o macroscopic plasma osclllations
of the coromal medium. Such oseillations will have characteriastics
of frequenecy and dampiung such #s those indieated sbove, sc that

Pree oseillstions cannod be malntained., Hartyn therefors suggested



2 mocheanisn of exeitation due to the breakdown of slestrie polari-
zatiaﬁ due to turbulent motion iz a nagreile field, but po inves-
tigation elong these lines has been carried through. A Aiffieulty
enceuntered is that of the essape of radiaticn, since ¢ = 0 im the
oselllating medium. This diffieulsy would gesm %o digappear, as
with a magnetron oscillator, if there are bounderies on the othsr
side of whieh g £ O for the fragquency of the plagma oeseillations.
How fay these considerations apply toe & medium of continualliy
varying refractive index is uncertain.

Jaeger and Westfold {(1949) obtained transient solutiorns
following the application of initiel values of the eleectrie field,
its time derivative and the currvent and showed that the spectral
comporents of the resulting field were radinted away with the
propagation characteristies given by Lorentz theory, the spectral
components of greatesi amplitude being those eloees to the plasma
frequency. They applied theze results to bursis with soue suc-
cass, but left open the guestion of how these initial ceonditions
-might arige. This problem is the subject of aﬁrfent regearch
{(Westfold, 1957).

Aaother non-thermel mechanism which may have applicaticn
to solar phenomena is the synchrotron meghanism, which, however,
would be expected to yield pelarized rediation. We shall discues
%ﬁis nechanism in Chapler 5, particularly as one of the séu?ees

of csesmic radlisiticn.
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CHAPTER 3

Thermal Rediation

3.1 The Equation of Transfer

Consider an inhomogeneous isotropic medium in which radiation
originates and is propagated. It is simplest to consider the propagated
radiation in terms of rays of varying intensity along trajectories deter-

mined by the refractive-index structure of the medium aud the equations
of the elactromagne’ie field, In general, along each element of a tra-
Jectory the ray gains by emission from the medium end loses by absorption,

There may also be a loss from incoherent scattering, which is offset by a
gain from the scattering of the other rays at that peint of the field,
The effects of ineohereut scattering appear to be negligible in an ionized
828, but there is another type of seattering, coherent scattering, which
is responsible for the refractive index of the medium being different from
unity. We have already seen that this ig of fundemental importance in
the propagetion of radio-frequency radiation,

We consider a bundle of rey trajectories within the frequency band
(£, £ + df) that passes normally through the surface element dS into the
solid angle 4, If 1 is the monochromatisc intemsity in this direction,

we have from cur definition of Sec. 1.2 that

If af ds af\ at

is the amunt of f-radiation flowing through dS into dN) in time dt.
After traversing a distance ds along the trajectory the intensity will

be redused by the factor e~ k*i d8 where Kf is the absorption coefficienty

ice.; an amount of radiation

N o Kp ds Ip daf a5 4L gk
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is lost by ebsorption. At this point the original bundle cof trajectories
now passes normally through the durface dS?! into the solid angle ate

end the monochromatie intensity of the radiation has become Ip®, The gain
from emission within the volume enclosed between dS and 4S? is specified
by the moncehromatiec emissivity, ‘qfs which is such that the amount of

radiation

'qfddedQ at

is emitted by the volume element dV into the solid angle dfL in time dt,
In the present casa 4V = dS ds and, since radlant energy is conserved,

" we have
14 o
1p" of 48t AN* ab = I, af a5 4SL ab (1 - K, ds) + 7, af &S ds afd at,

Now, by a theorem on ray trajestories in an isotropic medium of varying

refractive index it o~

2 oy 12
DR afl g.p,fﬂ ast dfur |

whence

2
I L] = I = K d : o
1%;“?2’ 'y £ (l P 8) '}qf ds

Sinece

Ipt X SLI Y d
Bpta E‘? s (Ezf-?’ >

we have the equdion of transfer along a trajsctory
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4 (3%) - .;);5 - ke gzg . (1)

This was first obtained Tor a medium of varying refrective index by

Woolley (1947),

Theorem. We procesd to prove the theorem on ray trajestories in an
isotropie mediuvm, wtilized ebove, Counsider the bundle of ray trajectories
that passes normally through dS, into the solid angle dﬁj in the medium
of refractive index y,, and intersects the interface wi‘ch/medim of re=
ffactive index p, in the ¢lement dS, at en engle of incidence 8y, The
bundle is refracted end leaves d3; &t en angle 8 passing normally through
a8, imbo the solid angle dfl,, If 1 7 are the distences of S, dSg
from dS,, we have ‘ |

= G50 cos O ' = 35q co8 8
Rl “g;i?—-—gv E ] dﬂpz, -—-Q;.az———z

2

and

a8y = r% sin & @) d¢ , S, = rp? sin 6, do, as ,

2 2

where ¢ is the azimuth, specifying the plane of the central trajectory
in esch medium, which aceording to Snell’s law also cortairf” +he normal

e dsoo We alsc have

iy sin 91 = g sin 62



By cos 8 d6y = po cos 99 a9 »

A

Thus
asy afly = @S, cos &) sin 6, 48, do
T Lol -
= €34 ﬁ?z- cos 65 sin 85 405 dd
2l a5, afl, .
= 9, 2 o
iz 42
Honce

w? a8, afl, = p2 a8, aQ
or, in an isobtropic medium of conbinuously varying refractive index,
p2 a8 afl = constant .

Returning bo the equation of trensfer (1), we ,,‘/’ae thet it is of the
first order and llnear, requiring an integrating factor e 5“"? 98 Ascord-
ingly, ws in‘isfog‘luce the optieal depth

. -
Tp(s) = §Kf<s*),és' s (2)

3 = bk word "J"‘] ’")/
measured back from cmergence where s is effectively infinite, Thus the

maximum opbical depth ’Ef(m) is that of the whole trajectory Tp(0). Since

dg, = = K, ds, equation (1) becomss dr= - kg As

I S ¢ O PR (3)
dre §'ﬁg§) Bet  Bpo K
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Integrating from the begimning of the trajectory,

1 T T .c% (m) {Tf(m)ﬁ T
- = P, "‘% A
i T EE T Je e e “

which gives the intensity at optiecal depth Te in torms of that at the

beginning of the trajectory Tp(m) and the values of the Ergiebigkeit
Ip = oo (5)
e Ke

along the trajectory, The trajectories cen be caloulated from Snellfs
law if e is known as a single-valued funetion of position (see Sec. 2.2).
Sinece cbsorvations are concerned with the emergent intensity, where

Tp = 0 and g = 1, Wwo have from (4)

Zplm)

Ip = (ég o~ T)(m), go Jp o=t g, (6)

for the ecmergent intensity., In en ionized gas p, and X, are given by the
£ £

formulee of Se6c. 2.2

3.2 Thermal Radiation from Interstellar Space and the Solar Abmosphere

In interstellar space and the solar atmosphere we suppose that

eollisions between the ionized gas particles are sufficient for the ges
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particles to have reached & Moxwellian distribution of veloeities, Thers
is then local thermodynamic equilibrium, so that p, and Kﬁ, are related

£hiy
by Kir off's formuls

‘Qf = y,i,z K‘f B-P 2 (1)

where B, is the intensity (both polarizations) of blackwbody radiation

of temperature T, Thus, by compariscn with Ses, 3.1 (5),
d. =38, , (2)

so that Jg depends only on the temperature T of the gas. It ig then
netural to express Sec., S.1 (6) in terms of the brightness temperature

T, of the emsrgent radistion, which ‘;vi 11 be unpoi&rizedu Thus, since

zfa%‘.fgrb, st%éfzi?s (5)
: To(m)
- 7
T, = (She e~ % ) + T e AT, . (&)
B y,f 0 £

lew, if we consider the brightness temperature of rays from the
zelacbic inberstellar gas, we have rectilinear trajectories since the gas
i 8o henuous that Bp = I, The equation of transfer is therefore the zeme
as for optiocal radiation, Further, sinee no galactic radiation contributes

%o the rey at the begimning of the trajectory Tb(m)n 0 and (4) reducss to

Tp(m)
T - g T o~ ¥ aT

where T{.‘(ﬁ) is the optical dopth of the particular trajectory considered,
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If T ig constent this becomss

m) .
T, =1 -6 Ty ( ) s (8)

or, in directions where Tf(m)<< i,
m (m)
Tb = i tf o (7)

There is an immediate conclusion to be drawn on the spectrum of thermal
ragiation from eny direction (Piddington, 1951), Simee K, « 1/f% (see

A ———a

Sec, 3.3), (5) may be written

E rl (m)

T (£) = T o~ /TP at /fe2 ,

whence it is immediately obvious that

4 (g2 S ) T
"a“‘f" (f T-b) > ov' /.} -

In thé sclax atmosphere we have seen that for any irequency f the
surfaces of eQnstant electron density n are the surfaces of constant pp
(in the absence of an imposed magnetiec field). In particular, there is
e surface £ = £ (where B, © 0), inside which propegation is inhibited,
In the emse of sphericel symmebry only the radial trajectoriss reach this
level, All the others are bent back, the turning points being. at higher
levels the farther the trajectories are from the center of the optical
disk (seo Chapter 2, Figure 3), Again, no solar radiation contribubes %o

the ray at the beginning of the trajectory so that the brightness temperature
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is given by (5), where the integrel is taken over the curved trajectory.
With spherical symmetry the temperatures at optieal depths ¢ £ and
Z'Yf(o} = Tp are the sems, where Tf(o) = %‘Cf(n) is the optical depth

of the turning point, Henece we obtain the fornula

'Cf(O)
T o 26~ T Sa T cosh ('cf(O) - Tp) dT; 4 (8}

b
v s . 3 5 (m) (o)
which is applicable to rays of meter wavelengths for which ‘E’f = 2%,

is not too large, the trajectories being confined to the corona. For
centimeter and decimeter wavelengths, which penetrate into the chromo-
gphere,; the absorption may become so grest tha:t'l-‘f ig offectively infinite

there. In suwh cases (4) gives

[s) .
w'E‘_ s
T'b © go Te d.‘z:f s (9)

as for optical radiation from the photosphere, Smerd (1950) used these
results to investigate the brightness distribution of radiation of dif-
ferent frequenciss over the solar disk, assuming spherically symmetrical
medel distribubtions of electron density and bemperature. In pev.r‘t;icﬁ}.a.:'9

for a uniform-temperature corona, (8) gives

0)
T, =T (1 - o~2% ( ). (10)

This formula wes deduced by Burkhardt and Schiuter (1949) from thermo=

dynsmic arguments, and epplied to eoronal rays whose trajectories were

defined by Snell's law,



A remarksble conclusion that cen be drawn from these formulae is
that one should expect limb-brightening at those frequencies for which
the trajectories from the centrsl parts of the disk can penetrate into
the chromosphere. This predickion was first made by Martyn (1948). The
first relisble model distributions of brightness temperature ascross the
dimic, exhibiting this feature, were obtained by Smerd.

If we apply {9) %o trajectories issuing from infinite optical
depth in the chromosphere at wniform temperature Tch end passing out
through the corona at uniform temperature T,, we get a brightness tempers-

ture consisbing of szeparate conbribubions from chromosphere and corona

T.

b =T

o O+ Ty (1 = e~ Ty , (11)

whare ‘tc is the optical thickness of the coronal part of the trajectory.
We mey take T, = 10% °x, 7, = 108 °K, whence for decimster and centimeter

wavelenyths T, is small, The chief eontribution to T‘b ig then T Awey

ch’®
from the cember, the trajectories at any frequency eventually no longer
penstrate to the chromosphere, so that the only conbribution is from the
sorona, as given by (10), The physiocal length, and with it the optical
thiclmess, of the coronal portion ineresses as the trajectory comes from
regions farther from the center of the disk, so that the corounal contri-
bubion inersases bo & maximum oubside the optiecal disk, The effect be-
somes lesgs maried at centimeter wavelengths at which the corona ix always
optically very thin.

Experimsntal confirmation of 1limb brightening has been difficult



to obtain, Stenier (1950) was unable to observe it at 500 mb/% with his
two-element interferomster. Smerd's predicted curves were based on spheri-
cal symmetry end we recéll that Staniser's analysis deéumﬁd the brightness
across the disk from a strip scen, again assuming symmetry. Howewer,
observations scamning the disk in different directions have sineos been
made on the seme frequency by Swarup and Parthasarathy (1955) at Sydney,
using a multiple-slement interferometer, and by O'Brien end Tandberge-
Hanssen (1955) at Combridge using Stanier’s equipment. These pave msxie
mum limb-brightening along the equatorial diameter, falling off to limb-
darkening along the polaxr diameter, Observations by Christiansen and
Warburton (1955) at 1420 Mb/% in differeﬁ% directions showed similswe
features, It is not certain whether the Sun was éadiating eccording to
& different pattern, owing to the diffement phase in the sunspot cycle
at which these observations were made, or whether Stanier's analysis is
in error, However, Smerd and Wild (1957) have shown that Stanier's null
result could be ascribad to smoothing due to the finite width of the

interferomester fringes,

3,3 Miecroscopic Thermal Processses in an Ionized Gas

In a uniform ioniged gas the fundamental radiative processes that
take place are the ccllisions between the electrons and the positive
ionsg of the medivm ~~ free«free transitions, For radio frequencies

hff <« LT and eclassical theory suffices,
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Ag is usual in kinebtie theory we consider only binary encounters.
In an ensowrter between two charged perticles both are aecelerated and
henge emit vadiation which, when ineident on the surrounding particles
in the medium, induces an elechric current vhich msy be regarded as the
souree of the slectromegnetic field in the medium produced by the encounter,
The relation between the electric wvector c.zf the field and the current is
the generalized Ohm's lew of Loreumts theory, Sec. 202 (1), This process
mey otherwise be regarded as the eoherent see.ﬂ:oring of the primery radia-
tion by the surrounding particles, whieh is responsibls for the refractive
sndex of the medium (see Darwin, 1925; Hartree, 1928, 1931), At the same
time encounters betwsen the Surrounding perticles seattering the radiation
reduce the induced curremt, On the average we may take it that the effect
of & collision is to extinguish the momentum of the particles relative to
the gas a2 a wholes this is represembed by the collisional term vz in the
| Ohmfs=law eguation, and is responsible for the refractive index 9p being

complex, and hence for the absorpbtion ccefficient kfg,

The Cross Section for Absorption., We consider the absorption of

radiation by an average electron. The equation of motlon for an average

individual sonduction eleotrov isg according to the above considerations,
m{¥+ V7)) =¢eE, (1)

For f-radiation,
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The rate of absorption of P-radistion is equal to the rate gt which

the field does work on the electron, viz.,

W=RlvoRlLeE,

ap s d

Thus the average wxabte of sabsoyrpltion
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Now the average Poynting vector (See, 2.2 (23) ) for a monochromatic plance

wave Tield trawvelling in the direction n is

Tale,peolzfn. ()

o d

Since the cross section for absorption 8p is given by the relation

s (s)

wa hawve
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&f = 1T vc;/wa ny.fc L (6)

in terms of the electron plasma frequency (GO, A similer formula could be

obtained for the ion cross section, but this is cleaerly negligible.

The sbsorption coefficient. The absorption coefficient is given

simply in terms of the absorption oross gection

Kf =n ap (1)

giving

Ko w b3 2
f cpfl“_z"?e (8)

which sgrees with the Lorentz formula Sec. 2.2 (21). If we substitute

from Ses. 2.,F (12) for ¥V we get

4 .2 }/2 . ~
Ko, w i R e’s LB 3% 1n (1 + 9,2 o
i e (s Lo (o (1 +¥or") (®)

In Cofole €,MUs 4:ﬂ§v = 1/32 °

The contribubion to the emissivity from sn encounter, The emission

from & Pres-frae encounter was first calculated by Kramers (1923) in de-
termining e formula for the Z-ray sbsorption coefficient, Hsre, since the
rafractive index is unity, the effects of seattering are negligible,

Smerd and Westfold (194,9) appl‘ied Kremers's methods to find the radio-fre-

quency emission from an encounter. They showed that if the Lorentz formula



(8) is vaiid for the ebsorption coefficient, then the principle of detailed
balaneing requires the emission to be modified by the additional factor Bpo
Denisse (1950) came ©to & similar conclusion, Westfold (1950) showed that
in this msunsr ccherent scattering was taken into asccount,

Kramers's procedure was to make a Fourier analysis of the totsl
radiation enmitted in an encounter. 3JSince scattering affeets each component
differently, we must first make a Fourier analysis of the field vectors in
order to caloulaté the contribution to the emissivity from an encunter,

Let us define complex Fourier transforms

o
ot ! o0 =
so that
D
E(%) = ’2}‘ f F(w ) o™t gy 4 ete. (11)
- /.~

Then the emplibudes of the Fourier components satisfy the seme equations
a8 the monochromatic field vectors of the Lorentz theory (Sec, 2.2).
Now the prineipal pert of the con‘éribuﬁion from an encounter is due %o
the dipole moment of the accelerating electron.l If a(t) is its accel-
eration at time t, the tvemsform A(W) will correspond to -w2§ * in the

formuls for the radiation field from a monochromatie dipole of complex

moment e g ! e~1 ¥t | Thus? the field transforms due o an encounter,

1the contribution from the more massive aceelerating ion is negligible
by comparison,

2I% is here assumed that the velocities are small compared to the veloeity
of light, =o that relativistic effects are negligible,



taking account of scatteriung,; are

A

e - A
E= 4ﬂ&vca.§ (%AE) A E 4
— A
B=q, %3 AR,

where B is the position vector of the field point relative %o the region
of the encounter and qe the complex refraetbive index for f-radietion. Now

the total contribution from an encounter lasting from € = «80 to t = +00

is gbﬂ jw'
Q = oqfdf = mmdt jigd&s (12)
and o "
j si(’t) dt = f Ig(t) ~ g(t) dt
3D Y »
odo—- ——
S E(-W) A B(W) 4w
2n J ~

- _,_,3;-_ jowm{g‘(- W) A H( o.))} dw

by one of the Parseval formules, Thus

/ .
Q = 2 ng :(-m) /\;g(w)}- °ndS,
L]
By (11)
- oy 2 ’ . A
- I - e = s 2 ()
E(=) ~HE(®) = gp 1672 e Lot ’aF sin R

7y A
- whore a o8 = g ° 50 Thus, since gvsinz@ dS&-m 81’{/3,
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S ’,'g““?é“‘;;,ﬁ’ uelaf . (13)

Although for a particular enounter the contribution to Qf depends on the
direction, in any sample volums, encounters will be taking place at all
oriantations so that the average conﬁribu#ion %o the emissivity may be
taken as %fféﬁg We note that the only effect of scattering is to intro=

duce the additional factor Hepo

The dynamics of an electron-ion ensounter., The equation of motion

of an electron &, m relative to & heavy ion e;, m; 1s o a good approxi-
mation

=

the. familiar inverse-square law, of attraection since e; is of opposite

gsign Yo o, 7he eleetron orbit for a free-free encounter is a hyperbola,

whieh can be specified in the plans of the orbit by the relative spsed

g et infinity and the distancs b of m; from either of the asymptotes,

known as the impad! parameter, g
It is eonvenient to introduce the dimensionless parameters

(Chapman « and Cowling, 1952, Sec. 10,3)

, |
umb/rsucaai.g_%ﬂﬂa (15)
i

Then if the axis of the orbit is taken along 8 = O, its equation is

gagily found to be
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VY. = 1% 1 +V2) cos 6,

o
The asymptotes are then along dirsstions given by ¥« 0, which is where
cos 8 = + 1/4(1 +Vp2). Thus we have the geometrical interpretationsof ¥y
Y, = tan 85, 0 €8y €n, (16)
where 6 = 83 is the initial asymptote, Then the equation of the orbit is

W tan 8y = 1 = cos 8/cos 8, » (r7)

so that the final asymptote is 6 = 211 - 60 and the deflection 71 = 2600
For encounters between unliks charges the possible range of 90 is from
0 to 1/2, of U, from 0 totO , and of the deflection from n to 0,

The location of e on the orbit at time t is given by the anguler-

momentum integral

rP8wgd o {18)

In terms of the dimensionless time perameter

€ = gt/ (19)
end V we have
dae 2
anae & L)
dv ’ (203

which gives on imbtegration

2 2
e o (1% ulu 1= uy u 4 up
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where

u = tan{6/2) and uy = ten(6,/2).

In order to de-l:er'zninaléf2 in (13) we require &(t). Resolving (14)

into directions parsllel and perpendicular to the axis 6 = O we have,

by (15},
2 2
b T v?
GRS "Rt S
whence, by (20),
b dae b . a8
.—;2% aﬁ = «» pseg 8 aa-%- P —-é%- &.‘L = - gin © '&E - (22)

The %rensforms are now given by (10) which can be represented by inte-

grals with respoct %o 8, Eéf s ”Al » Where

317&‘“ =4y = —ige ™ cos 0 ao s

2 | 2 B9

2n - 6g (23)
S A G P
Zga.!- A.i" 260 ) sin € 46 ,

in vhich @+ = (Wh/g)T , where T is given by (21) in terms of 6. The
contribution to the emissivity from an ensounter specified by the para-
meters g, ‘UO is thus
2 2
4o ﬁ! ®
" 37e <0 B éA‘ / (2¢)
vhere

a2 -l /2
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The emissivity, The emissivity 'VZ P is now obtained by surming the

contributions Q,f/é'n from all types of encounter that take plece in a
small volume in a small time imberval. Let ¢(g, V,) dg 44, be the num-
ber of (g, "\)0) encounters per unit volume and time as given by kinetie

theory., Then, if ) o1 is the meximum valus of ‘UO for a given valus of g,

0 o1
M= g';; Eo dg o d(gs 'UO) Q. 4, dg. (25)

The reason we have not teken “\301 as 09 is that the inmer integral is
irproper there, (The value ﬁol = 00 corresponds to an infinite valus for
b and zero deflection,) There is a significant contribubion from smelle
deflection encounters. Of course, in a gas, the presence of the surround-
ing molecules effectively prevents binary encounters for 'DO greater than
gome (average) limit ﬂJOlg For interaction forces represented by sn ine
versespower lew greatsr than the secénd the contribution from la.rge-=-‘i)

encounters is so small that a negligible contribution to (25) eomes from
(small-deflection) fencounters specified by Vg > Yy and *\}01 is eone
veniently teken asvo,

Now if there has been sufficient time for colliszionSto have brought

gbout & Maxwellian distribution of welocities the number of (g,b) en~

eounters por unit volume end time will be
a m \3/2 -mg2/2kT 3
8n“nn, (‘i":ﬂ‘&') e b db g° dg.

Substituting from (15) for b while kesping g constant, we get



.3
2 n 2
= 8n ee; m ~mg2/2kT 4 dg
$(gs vy) du, dg = 8n mi(m) (o) © o 4vgs (26)
whenee, by (24), 1
- 16 oles 2 m 2
Mg =g mog e J%e O (27)
whers
) 2/ @01
- I -mgZ/2kT jf-z d
o= g o oo il . @

This formule differs from the corresponding optical formula only by the
factor . pe. The dimensionless factor G was incorrectly eve.luafed by

Kramers (1923) and henece required a correction fector involving numeri-
cal as well as quantum considerations when applied to free-bound transi-

tions (Gaunt, 19303 Elwert, 1948, Westfold, 1949),

The eveluation of G. The integrals (23) for Ay end A, which

occur in (28) cannot be evaluated in terms of known funetions in the
general case, However, suitable approximations for the astrophysical
conditions in vhich we are interested can be cobtained by virtue of the
fact that the effective duration of a (g,b) encounter, from the point
of view of emission of radlation, is specified by the range -1€ T¢ i,
where T is given by (19),

Figure 4 shows plots of the fraction of the total radiation Ry
emitted botween the instants tT for s series of valuss of 85. We

recall that for electron-positive ion encounters O & 85 &90°, The



(2] /](—O Ile

emitTed beTween 74 e. ,nstants £

7:: ﬁce /D go,l



latter undeviated orbit is the least faversble case, end here 80% of the
radiation is emitted between T = % 1, 96% between T = % 2, etec. Thus
we muy teke -1 <Vt*¢1.as the duration of an encounber.

Tne intepgrals (23) now yisld = simple approximation for K“ R K.L
vnder the condi Fion gb/g 241, In this case Wt = (Wb/EZ)T <4< 1 over
ths duration of the encounter and we mey replece the exponential berms
by wity to get on integration

N

R = im0 = TR -

&i‘goo

(29)

To this approximation
=
i Ai ..,..._.Q......_gLj s (30)

indspendent of g and £, This formula may be substitubed into (28) if owr
sondition is  satisfied for the greabtest possible value d of b and a mean

value 1/g for 1/z. Then, for Wd (I/g) <1, i.e.,

; nfd (2’““)'2 X1,

» 2 foxT /
m ES ’
Gnmgoemg 1n{l +'\3012(d)}gdg9

where

. 2
V(@) = - éﬁf:.ﬁ%_i .
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Wo take d as the mean distance between pairs of inbteracting molecules,
ginee for b » d a1 encounter cammot be properly regarded as binary.
The logerithmic term veries only slowly over the range of g so thet
"Vy3(d) can be replaced by its meen value (mgf = 4 kT) allowing the

further integration

6= 1n{1+75'g;(?1"}?§ ; (31)

where
Vogtd) = -l?..l‘..e%z.l.‘."‘:.% . | (32)
i

In c.g.8, wnits (32) gives
opta) = 2.4 x 10° dT/2
vhere e; = = Zeg G is given by (31) provided that
rar Y2 ¢c 108 ,

This condition is satisfied at radio frequencies in the solar atmosphere
and in the H II clouds of interstellar space, where also U 01(6.) >> 1

go that
G =1n "u"o'"l"(dS o (31%)

Ipud(1/g) > 1 we may expect (30) to give & good approximetion in

(28) for velues of 'UO up %o %1(3/“’)’ where Wb/g = 1, Its mean value
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is8
ST - - 258 N (35)
ol eeifianSI?z
i:80y

Vo1 EAD ) = 3.5 x 108 T3/3/Zf

in c.g.8. wiits., In the extended H II regions of interstellar space,
where (31) is inapplicable VUp;(g/@ ) > 1, so that in caleulating the
contribution to (28) from Vo (g/B) to ‘QOI(d) we may ﬁse the approxi-
mate formulae forfzu Q‘Zﬁp valid for large Voo The ealculation

(Westfold, 1951) shows that

B {a) gGD
01 < 7220
A0 = 0,25
T0gp(a/e ) gy (84D | Vo ’
Vo1 (eAsd)
wheroas has & mesn value of order 10 in ths extended H II
0 ' N

regions, Thus for

1 peq (2)L/2y
2 53

WS tgka

e=1 w1+ TEE] . (5)

instead of (31), —
‘The fwo approximste formulse for G represent slowly varyihg Punere. .

tions so that their precise Torm is not of great importance in ealeulating
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the emissivity from (27). We may teke (31) for

1 2nmy 1/2

suitable to the solar atmosphere and the H II elouds, and (34) for

3 nea (3D 2y,
suitable to the extended H II regions. Like Denisse (1950), we might
heve included & lower limit in the integration corresponding to an atomic
dimension, in place of O, This, however, has an insignificant effect on
the wvalue of Gs "
| We should here comment on Cohen, Spitszer amd Routly's (1950) (see

also Spitzer, 1956) conclusion that the upper limit of b should be the

Debye distance

Ap = {evu/(mz + nge;2)] 1/ >

beyond which the shielding effect of the surrounding molecules effectively
neutralizes the central positive~ion field of abtraction. They found
that for an elestron initially at rest the mean rate of change of the
square of the speed, dus to statistical fluctuations of the electrosta-
tis fieldy is eorrectly given by the binary-encounter formulae sven for

b > dg the appropriate upper limit is taken as 7‘D since beyond thisg dis-

tance the macroscopic fields take effect. From the point of view of



emission of radiation it is only permissible to teke tr;is as the upper
limit of b if the accelerating charges are interscting in the same way
ag if the encounter were binary, It is difficult to see how this can be
the case beyond the interionic digtance d. If the effects of the sur-
rounding molecules are to be taken inte account it would be better to use
2 Debye peﬁentia1*‘instead of a Coulomb potential, Then in (25) it
would be posaible to integrate between limits corresponding to b = O

and & without the integral becoming impropsr.

The absorption sceffiecient, With a Mexwellian distribution of

velocities there is a detailed balansing of microscopie proeesses and
hence thermodynemic equilibrium in the gas. By Ses. 3.2 (1) we then

have
Ke = sz Tl - (35)
£ 2kTfepps If
Substitution for 'f"gf should then give the same result (9) as was obtained

directly from sonsideration of the ecollision cross section, From (27)

we got
: 4..2
8 e-e m  1/2
Kp =g omy (4n& vS%&fzﬁpf () & (36)

which agrees with (9) sinee G “}2; In (1 + ﬁo:t Ye In cog.s. units (36)

gives

Kp = 9,76 x 1072 (nnizz/%zwﬁﬁf} ¢ em™ ,

%A(Proviésd the electrostatic energy remains small compared with the thermal
energy of the electron, the right-hand side of (14) would then be multie
plied by the sdditiomel feetor (1 + rfip) exp (-r/Ag) .
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CHAPTER 4

Line Radiation

431_~Intrcduc%ion

In discussing the differences between radic and optical observat: ons
we have alresdy referred to the fact that only a nerrow band of freguencies
is accepted by the radio instrument, whersas normally & wide band of epiical
frequencies is accepted by the telesceps, Under 3ispersion, the light <rom
s star or nebulas reveals a spectrum containing a number of lines, seen .n
emission or sbsorpbtion, from which infersnces concerning such things ss ita

compogition, state, and redial velocity ean be drawn, Historically, the
spactral lines were observed long before thsy wWere satigfactorily asccw:rted
for by theory., By contrast, the technigues of radio observetions would

render it difficulit to discover spectral lines without the aid of thecrstie

=t

cal predictions. Indeed, the theorebical predictione indieate only e wry
few possibilities and of these only the 2l-om lime, prsdicted by van de Hulst
(1945) and Shkicveky (1948), has so far been debected. It is due to trensis
%ions between hyperfine sub-levels of the ground state of atemis hydregen aud
has been observed in galactic H I regious and more recently in the ilage. .
lanis Clcouds (Kerrs Findman, end Robinson, 1954) and the sxternsl éaiaxwa&

i 31 {ven de Hulst, Raimond, snd ven Yoerden, 1957) M 3% (Reimond and

Volders, 1957),. and okhers for which the results have aot yet been wubll shed.



The first to detect 2l-om radiation were Bwen and Purecell (1981), closely

followed by Muller and Oort (1951) in Hollend and Christiansen and Hindren
(Pawsey, 1951) in Australia,

In the Gelaxy the observed Doppler shift and live profiles from
diffzrent dirveections have enabled a quite debtailsd picture of the <istri-
bution of rotational velocity and the density distribution in different
directions in the galactic plene teo be drawn, indicating considerabls
spiral-srm structure and a total smount of neutral hydrogen equal tec abcub
one or two per cent of the totsl mass of the Galaxy. The resolving power
end sensitivity of the equipments usedw . not sufficient to jJustify ths
drawing of very deteiled piectures of the !lagellanics Clouds and the sxternal
galaxieg, However, it does appsar thel the mean radial veloeitisg of the
two e¢louds are different, that there is a gystematic change in redial welo-
oity across each, and that neutral hydrogsn accounts for about 20 per cent
of the total massg the observations on M 31 have beoen reconciled with a
model showing differential motion of rotation, for which the total mes: is
three or four times that of the Gelaxy and the amount of neubrel hydrogea

about one per cent of the total mass,

4.2 The absorption coefficient and emisgsivity

The macroscopisc absorption coefficient K(f) for lins radiation cf
frequency £ is readily obteined from the atomic crosz section for absoyy =

tion a(f}, usually termed the atomic absorptisn coefficient, Let s B
A &
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be the number densities of atoms in the lower and higher levsls between which
the transitions occur and let the corresponding statistieal = welghts be gy
8ao Then the ratio of numbers of astoms in ths two states is glven in Yorms

.

of an excitation or spin temperaturs Ts a3

22 82 ght/ils | (1)

In the galsstie H I clouds it is reckoned that collisions ars sufficient iy
frequent to ' debermine the relative populations, in w:ich case the exclsa-
tion temperature will be identical with the kinetis temperature T of the
gas, Now the macroscopic sbsorption coefficient W(f) represents the nes
absorptive offect of atoms per unit aree of cross seetion and per unit dis-
tance after passage of the radiation, i.e¢. the na%.effscﬁ of "rue® ebsorpe
tion and stimulated emission (or negative abserption). Since the ratio of
the Einsbtein soefficient of stimulated emission BZE to the goefficient «f

absorption B1 is given by

2

the atomiec coefficients of "megative™ and positive™ abserption are in ths

gsems ratio so that we have
& o
K(f) = (1'31 “"é% 112) a(f)

= 17 (1 - s“hf/kTS} o(f)

)
b3,



by (1), Since for centimeter wavelenghhs hf*%lkTsﬂ this vreduses to
L a(2). (2)
Now in terms of the Zinstein coefiicient By, the atomic absorpticn coefTi
eient iz given by the ususl formula

a(£) = 3£ By o(0),

where &(f) af iz the probebility thet the (1,2) transition cceurs in the

frequency rangs (f, £ + 4f), and

where A,, is the Einstein coefficient of spontaneous emission, Hense wa have

1

[V
g

h ofhpy 83 0.
K(f) = x S e e #(£). (
LRI S el By
Clearly the line profile is specified by the probability ¢(f£),
In the present case the natural line profile is masked by the Depplew
broadening due to the random velocitiss of the olouds (and the atoms ¢ u-
tained theraein) superimposed on the local mass or differsntial velesity

(%

af the gas, We are concerned only with the line-of-sight components V,

ie. with the radial velocities. Let N(V,r) 4V be the number density ¢
etoms &b the positiea p, having radial veloeitiss in ths vangs (V, ¥V + V),

Then we must have
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Vi(,z) oF = nlg)s

ths local number density, and

jv B{v,r) & = af{r; V_(r),
~ ) .

=4
iy

wﬁera'vg(x) $s the radial component of the loeul differential velocity.

£

radistion in the band (£, £ + d4f) whers

s the frequency emitted by an atom ab rest these abtoums will emit

futo

P=f(1-Vel 4)
_ 0
It follows thab
g r %
aq () 6(F) af = = Em‘»}.‘,.. H{V,r) &/,

1t 8g

wneree, since af = = (£p/e) 4V, (3) gives

2 AP A . ,
W(#) = B DE shoy o w(v,p) (5)

st the position y¥. Inserting values sppropriats o Zl-en radiabion,

Eo/By = Bs gy ® 2,84 % 10 15 £ £y = 14204 x 109 seet, we get

W(z) = p Wzl | N

oo 3 8
3 1&

& N N -
wiere § = $5.48 & I o’ gag ™t K,

Tn sermws of the guantitiss alresdy defirud the wolume wmisslivity

7}(5) is rvoadily ssen to be given by

e £t L hi' gt
;cl} " Zﬁa 32 Azl ‘b(i; ,_,



With hf << kTy, (1) gives ny = migz/élg whenee by (3) we have

)

VM

zk 1’.2 m
¥ T (
\(0) = 25 ¢2 2K, (

whieh is Kirchhoff's lew for yadio=-ITrequency line radistion, where e
rofractive index is umnity. By virtus of . this felaﬁiong the éransfer
theory developsd in Chapber 3 may be taken over for line radiationg it iz
simply necessery to substitute the spin temperature TS for the kinetis
temperature T and to uss the formula (8) instead of Sec. 3.3 (36) for ths

abgorption coefficient,

4,3 Optical depth and brightness temperature of gelaoctic radiation

As in Chapter 3, ths brightnsss temperéture of line radiation, frem
any direction svecified by galsctie coordinates ( €9b) depands on the
distribution of gpia tempersture and cptical depth elong the ray tra-
jeeter, o Up » .« present time, analyses of galactie 2l-gm radiation
have bes ~aiad on the assumption of a uniform spin temperature T  for ail
H I c¢louds, The assumption is provigional and will; no doubt, be modificd
when mores observational material comss to hend. For the present, therefors,

wa take the result See. 5.2 (8)

!4 N -
(25 £,8) o 1,1 - o TKEs €ib)y, )

whave



. ';,795@

D .
T(£s ;b)) = j-i<(f) ar (2)
0
is the galactic optical +hickness of the trajectory (ﬁ ob) for radiation

of frequency f, The corresponding radial velocity V is given by Sec. 4.2

(4) so that by Sec., 4.2 (5)

o
T(£) = sjsé-“-dm (5)
o*s

With a dispersion of cloud velocities everywhere, there will be contribu-
tions to the integral in (3) all along the trajectory; but these will come
prineipally from the neighborhood of the points where the differential
veloeity ecomponent Vg ig equal to = e(f = fo)/foo For 2l-om radistion
the value V =1 Km/sec corresponds to Af = f = £ = = 4,73 ke/s. The
Loiden observations were fi_rét reduced on the basis of a dispersion fol:-
lowing a law of the form exp (=|V = Vg! /y} ), as found by Blaeuw

(1952) in his studies on interstellar absorption lines, but it was found
thet a better fit was obtained with the ésswnption of a Gaussian distri- -
bution, For the present we shall neglect any dispersion about the local
differential velocity V, and assuma that N(V,r) is given by the delta-
function*GXpression

W(V,z) = alr) 5(V = V,(x) ) a)

The delta function - B8(x) is an improper function vhose velue is zero
averywhere except at x = O where it is infinite to an order such that

o)
!ﬁ(x) dx = 1, From this follows the "sifting™ property, _;{f(x) 5(x = a) dx
Y ’

= £{a), where x = a is within the range of integration,
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Substituting from Sec. 4.2 (4),end (4) inbo (3} we pet

COS
T(£) = 8 | 6(- ol 7)) ar.
Yo Tg fo 8

Ve transform the variasble of inbegration to Vég 8o that the sifting prooerty

of the delta functicn may be ubilized, Thus

ol
av
T(f) = B gﬁms(a&_{mv)z 5
J Tg fo g dVg7dr

whence
Y 0B :): n/1g {
‘C(i) < f.} ‘ dvg (irg 5)

where the sum is of waluwes at the points whers Vé @ o= @Af/?om According

to (1), the line profile Tb(f) in thig directicn will then be the result

of contributions from sueh points for every f. We should here note thai
near the galectic center and near stroung soureces it is necessary to sub-
trect the contribution from sonbinuous thermal radiation. Then, if a
uniforn temperature TS as given by Ty, in directlons of preatest optical
depth is adopted, the line profile in eny direction yields T (f), and

henes the sum :Ej n/?ﬂvg/ar) ocan to determined for each velue of £ or Vgo
In particular, if there is only one point of tie ®trajectory where Vg @ o eAf/TO
we can assign to 1t the value of n/TdVédr) correspending to U(f), Morsover,
if the loecal valus of dVé/Br is knmown, the density of nsutral hydrogen is
determined st that point, It is ¢n this prineiple that 2l.cm models of the

galagtic disbribution of neuwtral hydrogen have been meda,
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4,4 The distribution of neubtral hydrogen in the galactie plane

In accordance with the generally accepted picture, we assume that

the differenitial mobion of the galactic meterinl is one of differentisl

rotationsbout the axis of galectic coordinates wiith angular velooity Q1

in the negative sense, where R is the distymgée i'rom the axis, If 1ue
existence of & "Kebterm™ in the motion of the H I slovds is subsequently

discovered, this analysis will have to be mcdified, In accordance with

the evidence, we take (O(R) toc be = monotonic :lecreasing function., The:

i W, = LI(R,) is the angular velceity of material in the neighborhood
of the Sun (R = RO} it is a simple matber of kiunemebties to obtain

Botitlinger®s formule

Vg = RO{ W(R) m{_j\‘)ogfsiﬂ -,? ¥ {

for the radial velocity of material distant r from the Sun in the galact
plase at longitude f° relative %o the eentsr, In terms of distances fy

the senter

B? » v + R 2 » 2 v Rycos [ {2

Asaarding to (1), "v’g is algo a monchbonic decreacing functicn of R,

N eglecting any veloeity dispersion we a:n sey that the contribul |

to ‘i‘b(f) from the direction {° asoms from those points on the trajsctor:
disbant R {from the center whers Vg ig equel to - @l;"zf/foc There ave in
gensral Gwo such pointy, Plg, PZ” for each J°, % distances rye ¥y glver

by she solutions of (2},

)
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;AE
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Ty szO cog Lf + N{(RZ - ROz sinz g')ry

(3)

)?2 = RO a08 ,{9 = "J‘(Rz - R02 sinz La)o

These become coincidsunt at the poiut P where the trajscbory is tengential

to the circle R = RF = R, sin 4%, Again there is only one such point in

0
directions where PPy < 0y i,e. vhere R2> R.2, Thus, in the range of
longitudes $0° 4\ E”! £ 180° there is a one-one correspondence between
points F on the trajectory and the fumetion Tb(f) so that the value of
n/%dVé/ar) can be assigned without ambiguity. If, further, (J(R) is lmown

in the outer part of the Galaxy, (1) and (3) yield the formulas

av . \)n . aw :
'3;5“:30 sin § ¢ (RamRO2 gind it)'a'ﬁ"'/R” {4)

whence n is determined,

Aecording to (1), the redial velocity is zero along the lines
47 = 0% 180° and on the circle R = R, through the Sun, Thess linss
separate the zones I, IV where V‘g is always positive from those II, III
where Vg is negative., Since the radial velocities in zones ITI and IV
are of the same magnitude but of opposite sign Uo those at the image pcints
in zones I and il, i% is gufficient to confine our diséussion to rays com=
ing from the directions 0°4 [¥£180° For 90° < #74180° +the trajec-
tories lie entirely in zone IIi = Vg inereases steadily from O %o RO (1)0 gin f°
regulting in assigneble contributions to the profils in the range

R
OQ}O sl

/AR
0:‘%!33.{\..‘3 =

n ,éz'ﬁa
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For 0 £ §' € 90°, assignable contributions in the same frequency renge coms
from the points beyond P, which lie in zome II; but between 5 and Po each
contribution Tb(f) comes from the two points Plﬂ P2 which lie in zone I

end contridbute in the rangs
~ (85 = )¢ a2 L0,

where ©7 = £5(1 - Vg§7b} corresponds to the tangent point Y, Now by (1)
vE = B - Bosin L1, (5)

where [)(R) is the rotational vélocity at distance R and [ « ()(®,).
Provided neutral hydrogen is present at P the lowest frequency contributing
to the profile may be teken as £ and Tb(f%s asgigned to P, Fwee, Muiler
and Westerhout (1954) have used the corresponding values of Vg* in (5) to
obtain the distribution of rotational velocity in the immer parts of the
Galaxy, The corresponding distribution of dvg/ﬁr snables n to be deter-
minad &% th2 various points P* in gone II, In the two bounding directianﬁ.
f? = 0°and 180°, towards the center and anticentér, there is no Deppler
shif't so that nothing can be inferred as to the distribution of neutral
hydrogei, Here the extent to which the observed profiles depsert from s
sharp line will provide & mensure of the veloecity dispersions actually
present, or of the deviation from the assumption of a differential moticn
of pure rotabion, Mikewise, the extensions of observed profiles from the
directions 20° £ %ﬁﬂ§4_180° %o frequenciss below fo can .he similarly

aceovrtad Jov,
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Sehmidt (1957) hes attempted to separate the contribuiions from
points Py and Fy in zone I by enalyzing the distribution of Ty, in latituds
near the galactic plans., The limiting contributions Tb(f*) are assigned
to points in a line through PJ”< perpendicular to the galactic plans. Sinece
the distance r¥is equal to Ry cos A ¢ these can be converted into distri-
butions with respect to z = b, the distance above the plane. He found
that the normalized z-distribution did not vary significantly with R, erd
hence assumed the same form $(z = 2,,y), normelized so that 6{(0) = 1,
everywhere in the neighborhood of the galaectic plane, Uow at frequencies

where both P1 and Pz contribute, the dspendence of Ty on b may be written
I R N R U ) A O

in which the unknowns Ty, ng bl5 bz may in principle be determined from

the values of T, at four different values of b, Thus nl/(dvg/dr-)l and

nz/(dVédr)z can be found and hence the densities py and ny at P, and P,
This can be done for each frequency in the range = (f = I*)LAF L0, so

that the whose distribution of n along SP; can be determined,

4,5 Corrections

(a) Velosity dispersiocn. If the velosity dispersion is not negli-

gible, zs has so far bsen assumed, the equation Ses. 4.3 (5) for the optical
depth of a trajectory for the frequensy f requires modifiecation. Suppose

ths distribubticn of cloud velocities is Gaussian, so that
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n(g) em(v o vg)z/mﬁzo )

V(&) '

W(V,r) =

Then, instead of Sec, 4.3 (5), Sec. 1.3 (3) gives
%

, LoD el (B v 2m2
“””‘f;‘%‘z%‘?[ a7 el O Y ey, @

0D
where by including vy within the integrand we have allowed for the pessi-
bility of differeant dispersions for the different H I cloud groups contri.
buting in the neighborhood of the points Py and Py, Where there is no
ambiguity we may take 7& 8s constant; then (2) represents an integral equa-
tion for the determination of n/Tdﬂg/Br) as a function of Vyo and hence of
position on the trajectory. In ths ambiguous case, the sams can  be done
with each of the values 'Ei9 Lo once the contributions T4, Ty have heen
separated, The effect of the velocity dispsersion is similar to that of
aerial smcothing {Sec. 1.7), and again the restoration of the %rue values
of n/(dV,/dr) from those given by TgT/B in See. 4.5(5) cannot be carried
out completely, Corresponding to the "invisible™ components of the bright=
nsss temperature, Fourier components of wave number grester than about l/q
are heavily atlenuated by the Fourier transform of the distribution fune-

tion, and in pracitice cannot be recovered.

(b) Bemmwidth, It is, of courss, necessary to take account of the

aifects of the finite beamvidth of the aerial, whiah for immy frequency will

have the effect particularly of broadening the disbribution in galactic

latitude sbout the galactic plane., For pencil-beam aerials of the order
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of a few degrees between half=power points it is usuelly possible to
Pit a Gaussian radiation pattsrn, so that the restoration of Ty from the
aerial-temperature distribution T, involves the solution of a two-dimens

sional integral equation of a type similar to (2).

(¢) Bandwidth, In the present case, Where the profiles Tp{f) pre-
vide the . Jdata from which the inferences are drawn, 1%t is also necessary
to correct for the broadening effect of the finite receiver bandwidth on
the profiles, Again, it iswually possible to fit a Gaussian curve to the
regponse over the bandwidth, so that after correstion for beamwidth, the
observed value Tbe(f) is given in terms of the "true" value T, by the
equation w

7,78} = A j L RO P (5)
e ]
Aggin this represents an integral equation for the determinstion of the true
profile T (f) given the observed profile Tb°(f) end the dispersion modulus o,

Approximete methods of solution have been given by Bracewell (1955) and

Ollengren snd van de Hulst (1957).

{4) Solar motion and the Rarth®s orbital motion. In all observed

profiles an oversll correction for the Doppler shift due to the Sun's motion
with a wvelocity close to 20 la/sec relative to the local group and the

orbital motion of the Farth hes to be made,

(¢) Continueus backgroumd, For directions in the neighborhood
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of shrong sources and the galactic center, allowance has 5o be made for
contributions from continuecus radiation at the same frequency. We consider
the case of & single group of H I clouds in the line of sight. Let T, be
the brightness temperature of conbinuous radiation in this direction and
let T; and T be the spin temperature and line optical thickness of the
group, in géneral thers will be conbinuumeemitting material on both sidas
of the group. Let T,? be the cortimuum brightness temperaturs due to the
sources beyond the group, and let T be the continuum optical thiekness of
continuwum
the material between %the group and the Sun, Then the/bontribuﬁions to Ty,
from beyond tﬁe group, and between the group and the Sun, are T,? =L amd
T

-
Ty = T, 75 respactively, whereas the line contribution is T(l=6"") e "o,

Suming, we have
Ty e Ty + (Te™ 0 = T, 1)(1 = o=F ), (4)
b 8 88 o o ° 23

The switching systems generally adopted‘are designed to meesure the differ-
ence T, « Te°. It can be seen that when the cloud spin temperature is lovier
.than the brightness temperature of the continuum sources beyond, the line
will menifest itself in absorphtion, Comparison of the absorption line pro-
files of a discrete source with those expected from the model distribution
of E I clouds in thig direction can yfild information as tc whether the
source iz extragalactis or not. The galactic H II regions may also be
studied by this meens,

In gueh studies ¥t is sssential to have reliable estimates of the spin

temperature in the olouds. Ths processes which may determine Ty have recently
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been conzidersd by Field (1958), He concludes that under conditions of low
density and/br high radiation intensity esllisions become less effective,
go that T, may differ significantly from the kinetis temperature T. The

effeet is particularly merked in the vicinity of strong sources.
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Chapter 5

Synchrotron Radiation
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CHAPTER &

Synchrotron Kediation

5.1, Introduction

The synchrotron proceés by which radiation is generated deserves
careful study since it has virtually been established that it is the pri-
mary mechanism onerating in the case of the discrete radio source Taurus A
which was early identified with the Crab Nebula., This nebula is the ex-
pending shell of a supernova explosion, probably that observed by the Chi-
nese in A.D. 1054, Detailsd observations of the optical radiation indi-
cate that it is strongly polarized, evidence vhich suprorts Shklovsky's
(1953) theory that the light from the Crab nebula is due to high-energy
electrons spiralling in a magnetic field and emitting radiation by the
synchrotron process. Oort and Walraven (1956) have estimated the field as
of the order of 10”3 gauss. They found, too, that such electrons would pro~
duce sufficient radiation in the radio-~frequency spectrum to account for
the observed intensity. More recent studies by Pikelner (1956) and Woltjer
(1958) indicate that 10’4 gauss is a better value for tﬁe field, Such =
mechanism was first suggested for radio stars by Alfvén and Herlofson
(1950), The synchrotron mechenism may well prove responsible for the high-
intensity radiation received from many radio stars, which by reason both of
their intensities and their spectra cénnot be aseribed to a thermal origin,
1t may also prove to be the prime contributor to the "isotropic" cémponeﬁt

or "halo"™ in the background of galactic radiation.
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5,2, The motion of & charged particle in a magnebic fleld

We consider the motion of a particle of rest mass m and cherge e

in a uniform magnetic field B,. The egquation of mobtion is

a my -

R SRS avaAB an G { .i.}
T IhEn e B . \

4 {(1-p%)

It follows from this equation that B and hence the speed v is always con-

. stant, For, teling the scalar product of both sides with.mq]%fi«pz)s we

get

whenee B = constant. Thus (1) gives

or, in terms of the engular gyro-frequency vector

>
wp = %ﬁl«ﬁz) By (2)
i= o A (3)

I+ can be seen that the effect of having velocities compareble to ¢ is te
reduce the classical gyro-frequency UUBO = telBO/ﬁ by the factor ﬁfimﬁﬁ)a
The equaetion (3) may be considered in terms of components v

[13 3
vV, s parallel and perpendicular to By. We have
Frow

Y, T@pAY = -wpAT, -
Prom vwhich we see that the nobion comsists of a uniforf advance along the

magnetic field with constant speed v

y s together with & uniform
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circular motion of radius v, /wp about the direction of B, with the
angular velocity -&p. We note that for an electron (e <0) the gyration
will be in the RH sense about the direction of Bg, such as to reducs the
intensity of By. If we teke our origin on the axis of the .helix at the
projection from the initial position, the electron trajectory is given by
the equation

A/
T a“”B (:;_coais wgt + J sin ““Bt) + kvt ,

where wg =|w g| » By = Bo k and i, J, are RH orthogonal unit veotors such
that i is in the direction o” the initial position. Since 7 makes a con-

stant angle, a say, with k we mey write this

v . . . .
T =, sin a (3__ cos wyt +. J sin wy t) + kvoos at, (4)
whence
v=vLl, (s)
where
T = sin a (~i sin wgt + j cos Wgt) + k cos © . (8)

We note that by (3) the acceleration is in the direction of kAT which is
along the principal normel to the trajectory. The radius of curvature is

equal to the constant v/ (Wy sin a)e

5.3, The total radiation field

The total emission. Since in its motion the charge is continuaily

accelerating, it is rediating in all directions at a rate P(%t), which for

velocities v <¢ ¢ is given by the classical formula
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e {J-v <P o (l)

P(t) =

To obtain a formula valiil for velocities comparable to ¢ we observe that

~

P(t), being the energy radiated ver unit time, represents the ratio of the

timelike components of two four-vectors, the four-momentum

my
e o= (—T——— > & ) ,
‘Fu {&’B‘) -3

where

2
me

Ve-p%)

is the energy, and the vnosition vector

x_ = (5, ict) ,

and hence must be Lorentz invariant. Hence, if the above formuls for
P(t) can be put into Lorentz form, the result will be applicable in any
frame of reference,

Now the 4-velocity and 4-a~celeration vectors are obtained by
differentiating x, with respect to the proper time s, which is an invar-

iant of spatial dimensions such that
2
as? = cPat (lnﬁz) o :
Then the 4-velocity is given by

Zs (g, ie)
u, = = °
(44 ds QRI_BZ)

If vee, the 4-acceleration dua/’ds is given apnroximately by

dug o {z,0)
P il

ds 02
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The Lorentz-invariant form of (1) is therefore

pgee? (% >2 . (2)
P(t) = en_  ‘as

in the present case the 4-vector eguation of motion is

dua

me ~— = gF_. u
) ds af ' ?

o~
(v
St

where ‘the components of the field tensor Faﬁ are given by

Fig =€ije Boe » 13k = 1,25, @

Fop = Fay

= O"
in which € 35k is the 3-dimensional alternating tensor, The spacelike
vart of (3) yields Sec. 5.2, (1) and the timelike part expresses the fact

that the energy &, and henee B, must remain constent. By (3) and (4)

ovm—res

<dua 2 ={e TAB\2
ds ‘ e 01/(‘1-'32) il

whence the total r%ﬁe of radiation in all directions is given by

’L ——
: !i’,ﬂ“{///f
. C L = /
_ pvezc w 232 sin® o i ne
P(t) = B s (8)
61 (1..132)2
For radiating elsctrons
a5 2 .2 o
P(t) = 1.58 x 10 ~° By~ sin“ @ e ergs/sec,

where By is expressed in gauss.
The formula (5) indicates that P(t) is a constant for a given
speed, but incrsases according to the factor ﬁz/xlaﬁz) as v increases,

being very great in the ultrarelativistic case where § is close to unity.
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We therefore look to ultrarelativistic electrons gyrating in a magnetic
field as-em efficient source of non-thermal radiation. Since the electron
executes a periodic motion it will radiate in harmonics of the fundamental

- frequency fg = Wy /2n. For By in gauss

£5 = 2.80 By (1-p%) Mo/s .
In the Crab nebula By 10"4 gauss and this ‘probably diminishes to about
10"6 gauss in interstellar space. Clearly, if the synchrotron mechanism is
responsible for the observed optical and radio emission, this must occur
mainly in the very high harmonics of the fundamental frequency @j, where
the spectrum is practically continuous.

Although, as can be readily verified, the rate of rediation is so
small as not to affect the motion of the charge, over a long period of time -
an electron must ha—-e lost a significant nroportion of its energy. Oort and
Walraven calculate the half-life of an electron radiating by the synchro-
tron process. n terms of the energy £ anad the "classical radius® of the

electron & = uv32/4nm, we have

ae 2 2 . 2 2
® T - e Who e (€ -ggh, ()

where the subscript O denotes "rest" values of &and Wy, On integration

we get

+ A 2
I'111 € E~0=§_§_w gin ¢ t + const,

Z 2. €, 3¢ ~ BO

We are intere-ted in the case where £>>€., Then, if £(0) denotes the

initial velue of the enfrgy,
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€ & 28 2 2
. - T - w i
£ €) - B O smeto

It follows that the time T, for & to be reduced to % £(0) is given by

Zc & : _ :
T, = 2 . (7)
by 2 2
20E(0)w,, sina

The solution of (6) is now conveniently given as

e . &0 | (8)
1+ t/7
/Ty
Substitubion of the values a = 2.818 x 1072° cm , £, = 0.5110 ¥ev into

(7) gives, for €(0) expressed in Mev and B, in gauss,

T = 8.35/8(0)302511126 years .,
Thus, if synchrotron radiation has been emitted by gyrating electrons in
the Crab nebula since the year 1094, in a field BO‘-fIO"4 gauss with relee-
tively undiminished energies, the initial energies must have been of the
order of 10 6 Mev, which is in the cosmic-ray range,

In order to determine the polarization of the radiation emitted,
the direction of the electric vector must be found at any instant and in
any direction, The Poynbing flux vector then determines the angular dis-
tribution of the total emission, We ghall again use the Parseval formulae
of Fou;‘ier analysis to obtain the spectral distribution and polarization in
terms of %y and B, Finally, we shall obtain formulae for the principal
polarized components of the synchrotron emissivity of an electron gas in

a magnetic field.

The Lienard-Wiechert Potentials, The total radiation field due to



an accelerating charge is usually obtained via the Lienard-Wiechert poten-
tials. The usual classical derivation of these, from ﬁhe formulae for the
retarded potentials of a distribution of charge and current, requires a
delicate argument with respect to the different retarded times associated
with the contributing elements as these ere reduced to & point charge in
motion, Te show here that the derivation can be carried out in a straighte
forwar§ menner by properly utilizing the properties of the "improper" delta
funetion.

The retarded vector and scalar potentials A, ¢ due to distributions
of current and charge of density g,f in free space ars given by the for-
mulae

_”I/—E-L—-L-’I( "o t-R/0) ave,
4n R

&(E:t) =

. ’ v R

) 2 ff(z  BR/Q) gy
= 4n§v R

where R is the magnitude of the position of the field point r relative to

the source point }:',

R= r - r! (10)
and aV' = aV(r'), l.e., the volume element surrounding the source
point r's Now if the source of the field is a charged particle whose
position at time t is ry(t) and velocity ¥ = f;, the source distributions
may be represented as
Ir,t) = ex(t) 8(r - r1(8) ),
(13)
plzst) = e 8(r - n(t) ) o

In order to utilize the sifting property of the delta function we need
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to transform the variable:z of inbegration corresponding to the vwolume els-

ment dv(;j) to those corresponding to dV(}:f), where 3_'* = rt - El(t') and

P~

t' is the retarded time with respect to the chargs,

=t -R(t)/e o (12)
Then
dvl' = dV*/ A(I‘j) »

4(z")

where the latter term represents the Jacobian expressed in terms of the

coordinates of 3”‘ end r'. It is easily seen that

IP1¢ 0 vteR(t')/eR(t") .
d(r") B ’
1 - Etdﬁ s

whereg is the unit vector in the direction of R(t'). Thus we have

Hey® v(t?) 8(c*)
Alzat) = - e av*
~ R(t') - BreR(t7) ’
whence the Lienard-Wiechert vector potential
\j

Alr,t) = 23 R(£') - proR(t!)

Similarly it can be shown that the scalar potential due to the moving

charge is

@ (r,t) = 2 ! . (14)

dne, R(t') - B':B(t')

The Radiation Field Vectors ., The field vectors E; B ars

—

obtained from the potentials by application of the formulae
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(15)

B=curl A .
For the purposes of calculation we introduce the quantity
s(t') = R(¢") - B(t")eR(%") . (16)
Then we have
&S = 98 at'
ot ot? ot (17)
and
grad s = grad R - B' + ds grad t' , (18)

~ dt!
It is not difficult to show by differentiating the defiring relation
(12) that
ot! . 1 = R
3t 1-3 fli T (19)

—~

and
A

1-pte R Fral - (20)
Thus, in terms of s,
ec 3°
A= b g s (21)
= 4n s

Y . weel
o —
4n 3 (22)
For the radiation field we retain only terms of order 1/s in the differ-

entiations., Then, since
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.. uguam o) ),

ott *

u»—e 1 4 hd
A zf,,,,,.zi (B’ B frew) % p

éu a -~

" and thus

p8S (B - 87R) A'eR - B'R
Es“z..ﬁ &R)gﬂ%_ésg (23)
8 .

B= (24)

oft-

. )m,

PLs
(-3

Subst:.'l:u‘hmg for s and collectmg torms, we finally ge‘h i’or the electrie

vwac*bor of ‘the radlax':icn field

g B0t & AR - B s g,j (25)
~ & (1 - g*ef)°

The fngular Distribution of the Total Redistion. At tha position

r the radiant flm;i dsnsitjr at time ¢ is given by the Poynﬁing vector

- —

8 = BeH, ' (28)

g = By o {27)

The uotal vate of radiation at ths chargs into the solld angle dn.
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about the dirsction & is P(R,t*)afl, such that

P}, t)dNat" = S(r,t) -} as at,
where

as = RZ aN
Since, by (24), (26), and (27),

"
s=L R , (28)
substitution from (25) gives

P(%,t;)sg_la.;;.- {R - ')"«'ﬁ-"(i- 'R }2_ at .

16n (1 - pref)® ast

By (19) this gives for the power radiated per unit solid angle about the

direction of n from a charge moving with velocity Bo

- Pvezo { - ‘.' - '.(1 —m)}z oA (29)
P(E’t) 16&"(5 (1« E_.g)

For ultrarelativistically moving charges 1 = p2<c 1, so that the bulk

of the radiation is emitted ixn the the direction of motion T, Writing
5 -ya-m (30)
and \9 for the angle bgtween n and T, wo have
p=1-152-06%,
‘1-gen=1-cos 9' +32'-§2 cos79 oY) ,

go that
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2 4 3 ‘ x.' 2 . ¢ 2
(1) = 200 {a=Dfen- G0 - con 9) + 58 (E§rn - B cos D)}
Pomt) 16n (1-—008\94-.{52008‘8)5 ’

approximately. Thus, for directions suoh that V> § » the ratio

—%%%— =0(s%) ,
which is megligibly small. For o small, 1 = E-g = % (5 2 .+\_92), so that
the denominator remains small as long as 0 = O(§), which may be teken’
as the angular dimension of the cone of emission about the instantaneous
direction of motion. This conclusion is ‘econfirmed by a more precise
caloulation. | Since jn-E =0 J) the expresaién in the braces is equal

to

(a-TET+ @-Dpea-1) -1 9% - 35%

IR

(32

plus third-order terms in £'and vy ., Now in the present case of a gyrating

electron we saw in Sec. 5.2 that

B = uwgp kL | (31)
Hence é-g- 0 and, after some algebra, the expression for P(n,t) reduces

to

2

P(n,t) = P-v92° w2 ainza (8 2, 212 -~ 45292 gin? @ , (32)
2 B (gz +3 )

where {’ is the azimuthal angle of n relative to ¢ , meagured from the meri-

dian through the direction of k.

To the same order of approximation as in (32), (5) gives

2
p(5) = byoto Up” sinle (53)

én £
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for the total power radiated in all directions. Now the total power radi-

ated within an eangle Y of the direction of motion T is
9 fon |
B(d,t) = P(n,t) a(>JaJ.
0

Hence the fraction radiated within an angle U is

%ﬂ,e[ (1+0702)” - 25 /4% 33
o (1 +5°/e2) g
On performing the integration we get
JOR ue - 4u + 3 ‘ 2 "
-T’J—)-Pt =1 - ry ,u=1+/g2 | (34)
2u _
from which we construot the following table.
TABLE 1
. 1l = P(\9 ’t)/P(t)
9/3 0 1 2 3 5 10
T a 1 2 5 10 26 101
1-2(9,8)/p(¢) | 1 0.22 0,046 0,012 0,0052  0,0003

From these velues it is clear that effectively the radiation is all

emitted within an angular distance of a few multiples of § = ﬁl - plz)

from the direction of motion. ”~. W= /_‘"“o ¢
€
r 1, & v
5.4, The Spectrum of the Radiation Field : £ = ) F

The fact that radiation is received from an aocelerating charge

moving with an ultrarelativistic velocity, only during the small time it
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takes for the cone of amission to sweep across the dirsction to the field
point, enables us to estimate the spectral range of the radiation emitted.
At the charge, the time taken for the direction of motion T(t') to sweep

through the small angle S is

att = £/ £ = 8/kv,
where K is the instantaneous value of the curvature, The corresponding
time intervel At at the field point is diminished by the factor Jt/Jt',

so that by Sec. 5.3 (19)

bt = (1 - B'R) §/kw, -
- -15( £2 4 93)8/ke
on introducing the approximations of the previous section. Hence the radi-
ation is received in pulses of ‘eff_ective duration At »£3/ke. It follows
"that the spectrum of the radiation received contains frequencies up to the
large value W, ~ e/ §5.

For the case of & gyrating electron Ses. 5.2 (8) gives

‘:g'- wB 81!13‘

where

T W sina /€3,

The distribution of energy over the spactrum depends, of course, on the cir-

We

cumstances of the motion of the charge.

The field spectrum , The amplitude En(g) of the n-th harmonic of

the field
= inw.t
E(r,t) = JBpe 3 (1)

due to a charge executing a periodic motion of fundamental period Zn/ wB
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is given by

2n /U goindt

nncr) -2 at , (2)

2n /0
where E is given by Sec. 5.5 (25). The evaluation of this integral is
facilitated by the two circumstances that the distance R(t') from the
charge is large compared with the dimension of the region in which the
motion takes place, and that the motion is ultrarelativistle.
In the first place we may take the reference origin close to the

position of the charge during the time of observation. Then we have

R(*) = r = r1(8') , rpecr,

so that

a rp(l - ryor/e?) ,
or, writing n for the unit veetor in the direction of b

(3)

~
Ren
~

—

R =r -y ’ }

With these approximations, and transforming to the particle time
' = t = R(t')/c in (2), we get

. o |
B inwer/e Jzﬂ/ B g gints(t - nor1/e) Yt ast
o ~ .

2n oLt

&n

g

| s
2% Loy, Jinwr/e jo Vs EYRICES 3'\&} RELIGUES D V0 J
(1 - §'°n) .

Bnr

(4)

on substitution from Sec, 5.3 (19) and (25). Again, for ultrarelativistio-

ally gyrating electrons we saw in the previous section that the numerator
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was a smell quentity of the second order in § and J

gnggwﬁﬂﬂf}=(g~§ﬁ”@y3)~%(§2+02é‘?

where

Similarly, the denominator is of the fourth order

(1 - prop)? = LS 7+ 972
S8ince for the purposes of observation we are interested only in ‘the
averags radiant power received at any point, we may take n in the plane
containing the direqtidns of the field 20- and the initial wvelocity of
the charge. Then if Y is the angle between » and t(0), in the sense

towards k as in Figure 2, and L =gttt

Ezisin(auw)-&gcos (a—\[/),

and
) =£- {sin a (1 cos K + 3 sin () +}5){coa a} 5
B
L= gsina (=1 s’inY,«l-lcosl) +kecosa ,
by Sec. 5.2 (4) and (8). We have seen that contributions to the in‘ésgral
from peints corresponding to values of \J greater than 0(§ ) are
insignificant, Hence we may replace the integrand by its approximate
valus for small {{/ end 7(_ and replace the terminals by = °*, Then,

to first order, we get

= iXsin a - (j cos a = k sin a),

w»sina(i-e'ix),,
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and

9222, x2 sine

The exponsnt turns out to be & small quantity of the third order

u,)B(’c' - B'?fl/") =% (§ 2 . W 2)%_ + -]é.xs sin%a

from
Substituting /these approximations into (4) we get

E, = T wBsiﬁ a einw,r/ ° f ;z-inﬂfa +$U2 +:;'Z.2 sin%a)

45 21' _ - o8

S_L_Sa 2 2 sinza); + 25{1131;1 a(] cos a - k sin a)
(‘5_2 +y2 +x2 sir.nzcs)2

ay , (s)

whose form suggests the possibility of expressing E, in terms of Airy
funetionsg Al (x) or modified Bessel functions K,(x) of order 1/3. The

Airy function is defined by the integral

o
Ai(x) = 1 j cos (xu +%.us) du
n
[s}

- t s #
N 1135.'3 * K‘%(gx )’
and the integrals inwlved in (5) are of the form
. 2 + 3
a(n) ,_few('[ n +3u”) 2n s
2 2.2 d
e (1% + 4D
o0&
. 2, ot S v
() = f e:.‘r('( +3uv) 2 .2 s

- ( n 2 - u2)2
The first integral is easily resolved by observing that the second

factor in the integrand is proportional to the derivative of the reci~

procal of the derivative of the exponent. Then, on integration by
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parts, we get

b () = 3F (),

whare

‘ = a2 3
B ln) = f ST i) gy

- %

Again, on epplying the same proceduré to the integral whose integrand

is u times that of Fy(7 ) we got ;

3,(1) -«—31{- F() .

Thus (5) becomes

yl):. + iv.fF (,1)(;1 cos 6 - k sin a)} (8)

4n"r

B = P*v:c eizé&r/c{ 1 F'(
2'\

where

Ne{(S2+@D, v=nfzema) .
How

R ) = o Satr¥

2 2 3
bl i fL K:;-(s?rl )o

3

I% is more satisfactory to use the representation in terms of Bsssel
functions, which offers the advantages of various rscurrence relations.

In partisular g
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F '(Yl) fmm-( K, « 21’?131%.’)

(VI

= - {-ﬁ- Yr\s Kg»(% ,Ws)

gince K, '(x) + 2 K L(x) = =K, (x) .
Hence (6) becomes '3 3= 3
e 4 3 [l 3/
En = YrooB eln%?/°,.ﬂ. NG K ( §6+$"2)L\y1
4{3n%r sin @ 3 sin o ‘

+ ;qx(gé . y;z) 3 (B (§% « ¢/ B)% (4 cos @ - I 5in a)} » (7)
3 sina ~

which is & function of the angle ?/ between the dirsction of observation

n and the clo sest gonsrator of the cone containing the directions of

motion 'E o Sinee, %o a first approximation

‘gcoaa-»limnuag,\’{.',

the ratio of the two terms within the braces debermines +the complex

polarigaticn of the n~-th harmonie

Q, = =(B, 1)/ (Epenad) »
which determines the characteristics of the polarigation ellipse (cf,

Sec. 2.3). Thus

oz ‘ .
W) =1 G2 Rt ew D
1 4 K‘é (3'?:(92 v yr2yfy °

(8)

from which, since both Bessel functions are real positive, we conclude
(ef., Wastfold, 1958) that the polarization is elliptic, with the axes
of the ollipse along directions parallel and perpendiculer to the projec—

tion of By on the plame transverse to n. The ratio of the axes is
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given by iQni , with the major exis aleng the direction of na i or i
according &z ’Qn}%J‘ the sense of description of the ellipsc is RH
or LH according es ¥/ 2 0, Oort and Walraven's (1956) statemerS that
the polarization is linear with the elestric vector parallel %o the
direction of kfxg(o), ji.e, parallel to i, is seen to be true orly when
gu = 0,

| Since these results depend oxnly on the motion while T ig within
a smell neighborheod of zn, they are also appliceble to the radiation
from eny charge whose sceeleration is instentéfisously perpendicular to
its ﬁelocity, The periodicity of the motiggzin the present case cah
have no significsnce. In confirmation of thie conclusion, we shall see
that most of the radiation is emitted in the spectral band neaur W= .
in this region n = 0({£ =3) so that the line spectrum has becowe prace

tically continuous.

. e
. The spectral distribubion of the smission. Since the cmitting

charge executes periodic motion, the radiated power is dimtributed
amnngvths hermonics of the fundamental frequency. Being imberested
only in the average power radiated over a peri~d, we mey épply'Parseval's
theorem to the formula Sec. 5.3 (28) for the Poynbting vector. Then

the average

oa/ W A
"éi‘:fifi i ® s as
e o ~
28l G-
Wy & [P/ a

2n  ug® 0

2 s T s
= B (B2 ¢ 2L 1By %),
O i
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1f Bln)all(n) is the averago power radieted into the solid angle

afl(n) and we write

Fa) = 1 75 (@) +ZP (=) »

then, relating P to :§°‘1§ as before, the average power in the n-th harmonic

rediated into the solid angle dfL(n) is ?;(g)dfl(g), where

A AR (®)
By ,

It can be seen from (7) that ¥, (n) can be resolved into two coﬁtri-
butions corrssponding to the components of E,, parallel to the directions
of 3._ and n n'i_., for all values of (lj, We shall distingulish such compo-
nent contributions by the supérscripts (2}, (1) respectively, repre-
senting intensity components perpendicular and parallel to the projec-

tion of B, in the plane normal to n., Thus

Pn(l)({i) . F've?“’ sz s v 2(52 +(l,z) K, 2(______,(52 }‘/2)%‘)5

2% sin%a Ssine
fo)
ge—
(2) 020 Wp? n? /XY
P (n) = ¥ B (52 2)2K 2 ( 2, 2) .
o ~ 2411! ainza P (5 gin a ? )” )

The power radiated in the n~th harmonic is effectively confined
to a small range O(§) of Y . Hence, in calculating the average power

radiated -in all directions in the m~th harmonic we may tsks
T - f To(n) afl
. o0

= 27 sin a/?;'(%) d}V o (11)
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In calculating Pn(]') and Pn(g) it is simplest to start from the more primi.

tive form (68). Then

(1) @05\’ 1{ (u-v)+(uuv\}
P D () = oo ¥p” 2 [/ ¥l t dv,
“"‘T"""’S 4

n

T o bl uec“’z ff O I R ) N

1t is sonvenisnt to change the variables of integration u, v %o %, ¥,

given by
ZXR = u~- v, Ay=u+v .
Then
-3y 2 )2 ' 2. L_3 .
an (E) = By® 04 B ,7.2(//2 fQZiY(n X +3% )dx e21YXy2 ay »
4n '

- o8 - gt

o . oe
225 2 2 2 2 1 3 s e
(E) = B® cedB " [821\'(»11:+5’X)3 feawxy (yz -xa)dy s

4n oo -~

Since
. b
23y ni/a -
o dy = e fn(2yx)
K 2
o ,. 2 . ' S
f o217 32 ay == %@-—m/ % falzy) ,

in which %he prineipal value is denoted by the fractional powers of X,

we get the integral formulee
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P 11(n}r» 25 wy® (2) “1/450/ f,; 21v( % o) ;T

16r° {7 ol

o
—Z), 2om_? honifa iv(nPx +3x°), ¥ -¥
Py (= - %:c B (2y) o / 3217(11 x4+3F )(x_z' + x L/é:i'r)dx >
16’5‘[‘ ‘f‘; -

which are to be interpreted as Cauchy principal values in respsct of the
feom

gingularities of the integrends at x = 0. We now substitute[hhes‘a for-

malae into (11), recalling that Vlz = § 2 'H}/zo Then the integrations

with respect to |ff yield the results

2

(15 aacw 2 gin a @ 2 L3
P, = - Pv B » 621-\r(§ X +3 X )x 2 Py
8n

-0

n = + P
Bﬂz 2 n

-—-(‘7 2 2 . ]
2) _ _;ueoWg®sine (el L 3
P =i v B 3‘?] e21~f'(§ % +7x%°) x dx {I5°

These integrals cen be expressed in terms of Bessel functions in the

following menner. Integration by parts gives

. 2 L. 3 o 2 ok gD 2 2
jo;21~((§x+3x)x-2 dx/21y~JeaiT(§x+3x) S+ x ax .

x
-c0 -
" Now )
2iy(§%x +3%5) . (8 2 e2g, Evd
’ja- x 8x AIYS ZT {3 5 i‘(s § )
and
e =2 L 3
a 2iv(§'x +3x") -1 - w 8i.e2 L o3
3 fe- =z - dx 41Y§F2Y(€) V%—Yg K}.,; (?‘g)

- o6
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\

Integrating the latter betwden the limits § and o2 we get

® 2 L3 ®
/GZiT(gx-rg'x)x‘“ldx:,_z;’; , K_,_(rt) an o
3
- o4 1/—3 & 23
3

Finally, on substitution of thess results and meking use of the ra-

currence relation

-2 K,'(x) = K (x) + Kf(x) ’
3

7
we got
TV fsugelewg? si
Pa = fouee SR ¢ 5D whay L
8n' %
Pn( ) = ﬁuve cwg sina p (n/ng) >
8u2§
where
o
(1)
F(x) =-x{ LK§(Q) dq —K:.(X)} o
(13)
(2) ”
F (x)w—x{fK()d "'1\(3()};
x £ " 3
and
n, =3 eina / 28 (12)
Since they believed thet all the radiation emitted belonged to ";‘32) s

Oort and Walraven gave a graph and teble of values of the function

) = PP () + F8)(x)

=:]; Kg(;l) an (15)

only. For large x we have the asymptotie formule
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Pi{x) ~ &ﬁz&}} eo? 2™ (3w 35 . XOLIL 4 (35
e T2%  30368x" 7

It ie reprceented in Teblsz 2 and\Figure 3, together vith the conm-

plementary funetlon

£

Fo{x) = #(2) () - () (23]

X K%@(x) )

whozse asymptotic form is given by

i)~ (g) = o g - S22 e

The values of F{x}] up to % = 5.0 ‘are taken from Oort and Halraven':

paper {save_that the value for X ~ 4 has heen altered fron L0522} .

TABLE 2

o~
P{x) = x!g X§3(W> &ﬁ
X ) ’

FI;(x) = X K%ig(x.}.

x F F bid K F F
P - ) P

0 0 0 1.0 | 0.655 0.49h
2.001 | 0.213 0.107 1.2:] 0.565 0.h3c
3.005 0.358 0.18%4 1.tb 0.4E6 0.385
3.010 0.4k4s5 0.231 1.6 0.h1k 0.336
3.025 0.583 c.312 1.4 0.354 0.290
3.050 | 0.702 | 0.388 2.0 | 0.301 0.2590
3.075 0.772 0.438 2.5 €.200 0.1:8
2.10 0.818 C.475 3.0 0.130 0.111
J.15 0.874 0.527 3.5 0.0845 0.0726
.20 0.90k 6.560 h.o 0.0541 0.0470
3.25 0.917 0.582 L.s 0.033) (1.0298
3.30 0.919 6.596 5.0 0.0274 0.0192
D .40 0.901 0.607 6.0 0.0045 S 0.0077
.50 0.872 6.603 ! 7.0 | 0.6033 £.0031
.60 0.832 G.590 | 8.0 0.0GNL3 0.0012
3.T0 0.788 | o.570 & 9.0 | 0.00050 | ©.000k7
¥.80 0.7k2 | 0.547 | 30.0 | 0.000L9 | .00013
1. 90 0.60h | 0.521 &

o 3
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sines V) hss its greatest veluss whers x = (1) it Pollow: tha. mosi

of the radiation is emitbed in harmomicsy n¥n , The speciwral ohoracior

R . ; . - 2 s e e
of the emission iz thus depeadent on the energy £ = mczf-g‘f af 1ie glets
sron.  In this range of n the harmonics ers so closely spesed thail tho

#adiation isg quesi-conbinusug, If we write Pe 6f for the msan prwey

vadiated in the band {f, £ + &f) end

fanby fon , £,.=1,6% /2n

73 have

g0 that ‘?—” = Pf(l) & Pf<2} (17\

: i o A1)
where P () P ﬁ’ig.a e2ef.  gin a FO E )

Y
|
Eﬂ} {18)

and

8 w SfBO sin ¢ /2§2 & fBO = eBO /Zﬁm e '<19>

For BO in gaugs agnd & radiating electron,
w?

=y ‘ =25 g o o Lo
Pe = 2,34 x 107°° B, sin a r(-;uﬂ) wett m - (o/s) :

£, % 4,20 By sin o /22 Mofs , £5 = 2.80 By Me/s,

i
PR P P =4
with appropriste sufiixes where necessary. Thus, for By = 10 gaugs an’

3

= 100 Me/z vwe must aave £ 22 1077,



¥inally, as & check on the calculatlons mede in this

gsection, we should show that

<
§ P, ar = P{t) . )

A compariscn with Sec. 5.3(33) shows that this is eguivalent %o

the mathematical result

§:© F{x)ax = 8ﬁ/9J3 5

whiech may be verified by application of the result (see Section

5.5) o . - o
j x5 j X *1(y)dydx = Jﬁﬂigp x®t Ky,(x)ax, R s > 0O,
G x v &8 40

together «with the formule
8-1 2?‘ 1 1 1 1
2 .. 8- y o
go x Kv(_(x)dx = 2 (Es - ‘Q—VH <§B & .év), RE s)la& vé oofEa

4 ~

5.5 The Emission from a Distribution of Gyrating Electrons

At a given field point the synchrotron radietion received
from & small volume containing a distribution of ultrarelativ:isti«
ecally gyrating electrons effectively originates in the group vwhose
velocities have directions within the conical annulus for which c

15 within an angular distance 0(5%) of 8, the angle between n and

Pnl"{g?;

go, Bach member of the group contributes the amounts:

Pne {n), which depend on both tl= energy

¢ = évo/cg 5 6’0 = mce R {3

and the small angle ﬁ%’m & - 8. The contribution to the euissivity



in the direction B Prom members of the group in the same energy
range (é,, & 4+ A€ ) is obtained by integreting the incchevrent
contributions over the ‘range of ®. In general, it may be assumed
that the distributicn of velocities is uniform with respect Lo .
Then it is clear that the integrations result im two linearly
polarized contributions ;EI7/4ﬁ, ;EET/hﬂp in which @ is replaced
by €, in the orthogonal directlons npal, I, regpectively.

Let N(E/Eo)dé/éo be the locel number density of electrons
having energies within the range (£, €+ a&). .Then the monochrowus -
tic emissivity‘qf consists of the two oppositely polarized comnm-

(1) 2
ponents'wf<l>,‘@f< ) of the form

fay
N ?

L

M () - L[ meleg)rst) (22 el s eten, (

where, by (1) and Sec. 5.4{19),

{40

N

‘ | 2 .
£ = %fBo sin 0 (&/€4) - {

[

Substitution from Sec. 5.4{18) with an appropriate change of

variable then yields the result
(1) i eec , &5
MP {n) = ﬁ‘g‘;‘ (ffg, sin e)

)4 gw ] %( 21 }‘%’ x'%§ % 71 yx)ax , (ny

Jo 3fBQsin e
gtc.
The total emissivity is given by

4 ~( % ‘}

(1) |y (2]
¥ \»f

D
o

Me

a¥ whickh the part



Tf‘})f(P) < @f(g) - Epr(]-)

P
[wa
e

is polarized in the direction of 3, which is perpendicular to

the prejection of %O on the plane transverse to n. By Sse. 5.4(157
and (16}, ¢ end ﬂfKP) are given by formulae like {4}, with F{x)
and FPQx) respectively in the integrand. The degree of polari-

zaticn of the radiation emitted 1s then

o=
-1
gt

Pe © v)f(p)/’?f .

These results are simplified if, as is freguently the case, ithe
energy spectrum of the emitting electrons can be represented by a

power law with cut-offs at energles &,, €,. Then

Nx) = & x"7, € /6,&x%E/E

0, . X &él/éos x>€2/éo ’

N
(9o
St

where A is proportional to the lecél number density of all the
electrons and the index ¥ is a constant. We then have for the
emissivity in & direction meking an angle 6 with the magnetic ficld

>BO in which electrons are gyrating,
=

. i 2 2 y(P#1)/2 L-(¥-1)/2
) = A ltve ¢f3 (fpg sin 6} £ af T V\-af T \]
et B2n (2 Bo 7 { (fcz\b Géfc:;.}g»

where

. |
a{x) ”"gx 8‘:{'-3)/2 Fig) ag f1c

and a similar pair of formulae fqrvmeP) and G,. Both functlons.
depeni on the frequency of the radiation and the component of the

magneiic field transverse +to the direction of emission. The depen-



dence is that of a simple pover law when él and &2 are such

that f/fcg & 1 and f/fcl 2 1 ir the range of frequencies of
intexr=st, Then the degreé of polarization is a constant in-
dependent of the frequency and the magnetic field. For the

Crab ¥Nebula, Woltjer (1958) finds that the radio-frequency
spectrum 1s indeed given by a pover law of index about -0.35,
which corresponds to the value Y = 1.7. For radioc frequencies
therefore,; the expression in braces in (9) becomes equal to the
constant G{0). Clearly, any departure from a power-law specirun
at higzher frequencies can be attributed to the circumstancz that
the values of the argument r/fc2 have now become significant.

In fact it is found that the magnitude of the spectral index in-

creases for wavelengths below 3000 A.

in order te find expressions for*\f,ﬁyf(p) ve therefore
need %o evaluate the functions
] _ . X
G{x) = g (7 l)/2 F (?fg)d?@d% s !\(j_ip
x & .
. o (v-1)/2 o
6 {x) = g"x E Ky (E)OG . (12)

It can be shown thset

f g ot f Kyep()anag = 222 f E°Y x (5)ak
: é..%f RCT )

2 {F(x)aFP(x}} ) f1s

whence
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Thus, the ecmissivity and degres of polarizaition ean be evaluated
in terms of the tabulated functions F{x), FP(K} and the farction
Gp{x) given by (i2). The value G(0) is given by Sec. s.higr),

viz.,

. (0] = 2 ¥=3)/2/ -1\ 3¢T
wPaOE = 2 §=°€ 15 E*éth } y  ¥OU3 . {10}

. For other values of x the funcition cannot in general be evaiuated
in terms of tabulated functions.
There i1s, hovever, an exception in the particular casze

where Y = 5/3. Then we may apply the formula
&0 - . -
g E1V R 8)aE = MV R (x), REvel,
X

to get
o (x) = x% Ky (x) , (15)

whose asymptotic form is given by

A x-%il R H (150
P 2 72x  10368x2

It 1s fortuitous that this value of ¥ is applicable to¢ cbserva-

tionse of the Crab Kebula. Then

clx) = 2o tx) - 2 B{rtx) - P00} (16)

whoge asympiotic form ie given by

e} o nY % Wy 43 17375
¢4 {x) «J(§> e x {1 ¢ = 10368x2> . {1é )

The Punctions G{x), Gp(x) for W= % are represented in Table 3 agpd

Figure L. The same zeneral forms may be expected For neighboring
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values of Y.

TABLE 3
- % xMB{F(x) - FP(x)g

; .3 \
G(x) S Gpéx)

G, {x) = xﬂgx%gx)

Wl

G Gy ® G G? |
o] 2.531 1.688 2.0 0.172 0.147
0.2 1.585 1.158 2.5 0.097 0,086
0.4k 1.170 0.888 3.0 0.056 0.051
0.6 0.891 0.696 L.o 0.019 0.018
0.8 0.690 0.551 5.0 0.0068 | 0.0064
1.0 0.537 0.438 6.0 0.002%4 0.0023
1.2 Q.25 0.351 T.0 0.00087 | 0.00082
1.4 0.338 0.281 8.0 0.00031 | 0.00029
1.6 0.271 0.226 9.0 0.000112| 0.000106
1.8 0.215 0.182 10.0 ooooooko‘o°000038

mhen the emissivity is given by the formula

2n

Mgin) = A %ff_i é }ﬁgif sin if% £-% Gé £ ?

S Y-

and the corresponding degree of polarization by

Pf(g) =
where, by (3},
£ - 2F
fcz 3f3081n e

The functional form of (18} is represented 1n Figure 5.

2
&)

S

jd
-}
o

(18)

{19}

For & given direction the degree of polarization cf the radistien

apitted

asynptotically to the value 1.

sycreases steadilly with frequency, from the value %



Tfhe observed intensity of redlation emitted from a diz-
tributiorn of gyrating electrons ls determined by the equati@n.@f
transfer along a ray trajectory. Such a meﬁium i1s usually so
tenuous that the refractive index is unity and abscrptiogﬁig
negligible. Thus, the trajectories are rectilinear and the in-

tensity is simply given by the integral along a trajectory

e,
>

If = g'?]fds .

Everyvhere along the trajectory there are contributions ?f§1)9

ng(E) polarized in the transverse plane, along the projection eof -

W

the direction of By and in the perpendicular direction,; respective-
ly. As long as the orientation of B,y remains unchanged the in-
tensity will consist of similarly polarized ccomponents If(l), If
given by integrals of the form {20). 1In particular, if A and the
magnitude of B, also remain constant, the degree of polarization
of the ray w132 ve given by (18). The direction of polarisation
measured optically over the Crab Nebula {(Woltjer 1957) varies
systematically, whiéh indicates a definite structure in the magneud
field distribution. However, the degree of polarization veries
from values below 50 percent in the denser ceniral regiocns to as
high as 80 percent at the edges.

In an actual astronomical situatlion the rays emerging from
an object may have traversed regiong in which the magnetic Field

varies considerably in both magnitude and direction. Thies is morxe

likely in rays from the center than in rays from the edges of the

Given the apontaneous emission from an electron {Sec. 5.4), the
absorpiicn coefficlent may be calculated from the Einsteln coei-

fieients {ef. Twiass, 1954L).

>



e

objeet. The overall effect ou &n emergent ray is one ef depolari-
zation. 1I%s resultant gtate of polarization is conveniently cal-.
culated by defining an emisgivity polariiation tensoyr which specﬁu
fies the amount and state of polarization of the radiatisn emlitted
at 2ach point of the trajectory. The integral of this taunsor will
yield an intensity polarization tensor (Westfold 1958) wacee two
characteristic vglues are the intensities of the two oppositely
polarized components If(a), If(ﬁ) into which it is possible to
resolve an arbitrary superposition of incoherent partislly polarized
rays; the charscteristic vectors 1y, ;%5 will be in the directions
of polarization of the two components. Alternsatively,; the partial-

ly polarized emergent ray may be specified by its total aocno-

chromatic intensity

and the intensity of the excess component

L) L g fe) g 08

p ; (22

pelarized 1n the direction of i4. Its degree of polarization 1s
therefore .
@P) w
The measured degree of polarization will not be given exactl
vy (23), for the measuring inastrument 18 1imited by boitlh its re-
solviag power and its freguency bandwidth. The former «fPact is
determined by the diffraction pattern of the instrumend. whicsh in

+he wadlic case may be different for different polarizaticns. Hith



§od
L
£

the appropriate pattern, rays of each poiarizaﬁicn make thelr
contributions in accordance with the relatiouns of Sec. 1.4 or their
optical equivalents This depolarizing effect probably ac-
counts for Westerhout's (1956) failure to detect more than 1
percent of polarization at 22 cm with an aerial of 2@.5 beamwidth.
The diameter of the Crab Nebula is about 5!, The latter effect
will involve a similar averaging over the receiver bandwidth. It
will be insignificant unless the rays suffer Faraday rotation in
a magneto-ionic medium between the source and the observing in-
strument. Then each spectral component suffers a different rota-
tion so that the overall effect 1s again one of depolarization.
This will be discussed in a forthcoming paper. The situation is
84111 more complicated 1f the emltting reglon is sufficiently

dense for the Faraday effect to be appreciable there.
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{(Cembridge: Addison-Wesley), Chapters 1, 2, 3, 8, ani 9.

In this book the electromagnetic equations are expressed
in Gauaaian units.

Schwinger, J., 1949, Phys. Rev., 15, 1912. This paper .is thec source
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EXAMPLES

The distribution of brightness temperature of 100 Mc/s rays from

& circular-disk source subtending an angle of 3° is given by

T, = 5000 {1 ¢ cos 216/3), 0& 0 & 3/2,

o, 6 2 3/2,

vhere 6° 1is the angular distance of a ray from the center of the
disk. Find the apparent temperatuire of the source and its flux
density {(one polarization) in m.k.s. units.

{It is advisable to carry out mathematical operations with angles

expressed in radian measure.)

The receiving propertles of an aerial are specified approximately

by the gain function

2
G{o,8) = sin” 208 {6 in radians).

202

Plot & against angular distance ia degrees and read off the dis-
tance between the half-power points. Indicate how you wculd
calculate the effective s80lid arngles of the aerial and how you
would compare its angular widih with the distance between the half-
power points. |

{Tre location of the maxime and values of the function sin2 x/x2
are gilven in books on physical cptles vwhere diffracticn by a sliit

is treated.)



3.

~

on a 100 Mc/3 equipment of bendwidth 1 Mc/s and noise fucter O
Qambient temparature 3000%} a source of flux de2nsity 3.5 x 10-2%
watts m"'2 (c/s)'l can just be detected against a background aariesd
temperature_af 600°K. By what ¢actor should the overall tiae COX-
stant of the equipment be increased in order to detect & source oo
-25 . -2 -1 4 Y e
gtrength 5.0 x 10 wveatts m™ < (c/s) against a background asyisl

temperature of 3000°%K?

given the formulae for the available power from & point source,
prove that in a twin-aerial interferometer the available power in
the bandwidta Af from a small uniform source of angular width 2%

at an angle 8 from the interferometer axis is

P @l#cosDSin‘};ﬂ§ .
° a W

where

D= 2 ; 8 sin 8, a=2"98 cos 6 , and

Po is the power that would be available from 2 single aerial.

Show that 1f A 4 d cos O the angular distance between successive
maxira of cos D ieIEn/a and explain why this will represant the
frings spacilug of the instrument. Derive a condition on the width
of thLe source that will ensure that the meximz of available power

remain sensibly located at the fringe maxims.

Prove that ia the above instrument the effect of the zel=zction of
s ¥irite banlwidth of the power from a polat source ig rapresernted

nwy tie formua



lw(

N

sm)
¥

P =P 1+ cos p 8in (DAF/2F)
° (pAg/22)

Again, derive a condition on the bandwidth that will ensure that
the maxima of avallable powér remain at the fringe maximég where
D = 2nn. Plot the ratio (P ,, - Ppin)/2P, against the fringe

number n for values of n from O to 50 apd Af/f = 0.01, 0.02, 0.0k.

Given Snell's law in the usual form, show that for conditions of
spherical symmetry a ray trajectory is determined by the equation
g r 8ln 5 = d; vhere ¢ ls the angle between the radius vector and
the tangent at the distance r from the center. Ifu =1 at r =0
interpret the constant d. Obtain the equation of the half-
trajectory in polar coordinates

(3

dr
r r Jkuzre - d2)
How is the value of r at the turning point of this trajectory de-

termined?

A plane monochromatic electromagnetlic wave is traveling in a uni-
form ionized medium in a direction parailel to and in the sane
sense as the imposed mdgnetic field. From firast principles show

that the complex refractive index g is given by

2 b

= K = 1 -
4 1 1+ 1z -y ?
or K, = - X .




Snaw aise that the wave is circularly rolarized, and deternine tho
sence of polarization in either case. ‘Agauming that z24¢& 1, find
the ratio of the two absorption coefPficlients for relatively unin-

hibited propagation.

Assuming Snell's law, prove that for a bundle of ray trajectoriass

refracted at the boundary between two media

2. 2
u Pasiafly - wptaspafl, :

Derive Bottlinger's formuls

v, = R im(a)“@o} sin 4

for the radial component of the velocilty of & point P relative to
the point Po’ when both move with negative angulgr veloclties

(R}, Wo = a}(RO) about a Pixed center 0 and 4’ is the angle PP,0

Peom a certain direction continuous radistion of brightness tem-
perature T, together with line-radiation from a group of EI clouds
at kinetic temperature T is incident on a receivipng anteana. Prove

+an% the brightness temperature of the incident radiation is given b

T = T '+ (Te-to - Tc') {1'902) g

b Tid

where T 1s the optical thickness of the cloud group; to the
optical thickness of the trajectory between the group and the

ant3nra, and T.' that part of T, due to sources peyend the group.
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BADIO ASTRONOMY
XAMPLES

The distribution of brightness tomperature of 100 Mc/s rays from
a circular-disk source subending sn angle of 3% is given by

| Ty = 5000 (1 + cos 2n@/3), 0 < @ 5_573,
wneraﬁda is the angulsr distance of o ray from the center of the
disk., ¥Find the apparent temperature of the source and its flux
density (one polarization) in m.k.s. unitas.
{1t is advisable to carry out mathematical operations with angles
expregsed in radisn measure.)
The receiving properiies of an aerial are specified approximately

by the-gn&n function

(@ in rsdians).

Plot roughly O egainst angular distance in degrees and read off
the distence between the half-power pointa. Indicate how you
would caloulate the effective solid angle of the nerisl and how
you would compare its angular width with the dfistance betwesn the
half-power points.

(The location of the maxima and valuas of the fundtion sin? x/;e
are given in bcok:-gn physical optics where diffraction by a slit
is trested.)

On & 100 Mc/s equipment of bandwidth 1 Me/s, nolise factor 6 &t
subient temperseture 300°K, a source ofjfiux density 3.3 x 10-85
watts "2 (¢/0)"} can jJust be desected mgainst s background serisl
temperature of 600°K. By vhat factor should the overall time con-
stant of the equipment be incressed in order to detect 8 source o
ntrensﬁﬁ 5.0 x 10°85 ygtty n-® (c/ﬁ)*l against a background serial

temperature of 3J000°K?
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RADIO ASTRONOMY

EXAMPLES

Given the formula for the available pover from a point source,
prove that in 8 twin-aerisl interferometer the available pover
in the bandwidth Af from a small uniform source of angular

vidth BW st &n angle @ from the interferometer axis is

, s8in a W
P°<1 4 ecos D ma'w ) s

gin @, o =

vhere
gz 4

<

P = cog @ ) and

i il
?o is the power that would be available from s single aerial.

8how that 12 A (< 4 cos @ %he‘angular distance between successive
mexima of cos D ie 2x/a and explain why this will represent the
fringe spacing of thé‘inntrumant. Derive a condition on the width
of the source that will ensure that the maxinms of available power

remain gensibly located at the fringe maxina.

Prove that in the sbove instrument the effect of the selection of
e finite bandwidth of the power from a point source is represented

by the formula

P =P, {l + cos D a:l?})gié:£§ﬂ} .
Agalin derive a condition on the bandwidth that will ensure that
the maxima of available povwer remain at the fringe maxima, where
D = 2nx. Plot the ratio (Ppg, - Ppy,)/2P, against the fringe

nunber n for values of n from O to 50 end Af/? « 0.01, 0,02, 0.0k,



6.

Te

RADIO ASTRONOMY
EXANPLES

Given Smell's lav in the usual form, shov that for conditions of
sphericsl symmetry a ray trajectory is determined by the squation
# ¥ 8in ¢ = 4, where # 18 the angle hatween the radius vector and
the tangent at the distance r from the center. If g = 1 at ¥ = )
interpret the constant 4. Obtein the equation of the half-

trajestory in polar coeordinates

Q*-'Q.ag/rr(g - a%) ¥

How is the value of ¥ a% the turning point of this trajectory
determined?

A plane monoshromatic slectromagnetic wave is traveling in a
upniform lonised medfum in s direction parallsl to snd inthe ssue
sense as the imposed magnetic field. JFrom first principles show
that the complex refractive index g is given by

x _
Leig -y )

g‘aaﬁlt},v

or Kg =1l -, +A§3 +y !
Bhov 4180 that the wave is circularly polarized, snd dsteramine the
senses of polarization in either case. Assuming that ¢ << 1, find
the ratic of the tvo absorption coefficients for relstively unin-

hibited propegsation,



RADIO ABTROROMY
ERAMPLES

8. Assuming Srell's lsw, prove thet fer a bundle of ray Pro-

Jectoriee refracted at the Youndary vetbtweer tws» medis
“ag.an. w u,’as. a0
Hy Goy814y g UBplily
9» Derive Bottlloger's foravls
1 ]
v, = B, {w(ﬁ}gw&} #io 2L

for the radial somponent of the velosiiy of 8 polat P relative
to the painvt Pa’ when both sove with negative angular velocities
W {R}, W, wcu(a@} Bbous & Fixed center O and 2 is the angle
FPaﬁg

10. ¥From s certain direction continuous radistfion of brightoess
temperature ¥, together vith line.radistion from a group of H3
¢lpude st kinetic temperature T is incident on a receiving antensm.
Prove that the brighiness temperature »f the iucident radiation is
given by

Ca

2, v (re” "0 Lm ) (1ee O,

e

where 7 is the aptical $hie kness of the tioud group, T, the
optical thickness of the trajectory detween the group snd the

satennn, and ¥,' thet part ol T, due %u sources beyond the group.
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