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Condition of Optical systems Independent of
Frequency for Wide Field-of-View Radio
Telescope
Hiroaki Imada, Makoto Nagai, Masumichi Seta, Masaru Kino, Shun Ishii and Naomasa Nakai

Abstract—We present a condition of optical systems
independent of frequency. We have known the condition
independent of frequency in case of a single Gaussian beam on an
optical axis, but have not known one in case of a beam
propagated off the axis or tilted beam, which appears in a wide
field-of-view telescope. We first show relations between an
arbitrary electric field on an object and induced one after passing
through a lens with calculating Fresnel diffraction. If the lens
formula is met, there is a one-to-one correspondence between
points on the object and image plane. This result shows we can
use methods of the geometrical optics. The condition and
relations derived here are confirmed by simulation. We also
apply them to a wide field-of-view telescope.
Index Terms—Physical theory of diffraction
I.

INTRODUCTION

W

IDE field-of-view (FOV) telescopes for observing in
sub-mm or THz region have been and are being
developed, e.g. SPT [1], ACT [2] and CCAT [3]. In optical
and infrared region, telescopes with FOV of more than 1
degree were developed e.g. Schmidt telescopes or designed
using geometrical optics, e.g. [4].
There are a few characteristics of a wide field of view. First,
in general, wide FOV systems have many mirrors to cancel the
aberrations, not only to transmit beams. Second, we can now
use a free-form surface e.g. [5], which allows us to have more
choice in designing optical systems. Finally, beams propagate
various paths, i.e. most of them are kept away from and tilted
against the optical axis. It means that a concept of “pupil”
grows greatly important.
We now focus on influence of diffraction seen in a wide
FOV system. It has not been studied sufficiently in both radio
and optical regions. In case of the Gaussian beam, according
to [6], the beam radius at specific positions does not depend
on frequency in case that the Gaussian beam propagates on the
optical axis. The conditions showed in [6] are not sufficient
when we apply them to a wide FOV system due to the
characteristics above. We have to find applicable conditions of
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a wide FOV system.
Reference [7] calculated an electric field induced by an
arbitrary electric field expanded into a summation of
fundamental and higher order mode Gaussian-Hermite beams.
Using beam-mode transfer matrices of quadratic surface
mirrors (lens), [7] showed that the distribution on the image
plane can be calculated by scaling or magnifying that on the
object plane without depending on frequency in case that the
two planes met the lens formula. Relation of wavefront
between the object and image plane, however, cannot be
acquired unless the electric field is expanded into a summation
of Gaussian-Hermite beams.
We can use the Fresnel diffraction integral instead of
expansion of the electric field and using beam-mode transfer
matrices. Reference [8] showed the calculation of the Fresnel
integral but did not integrate on the object plane or take into
consideration finally quadratic terms present in the phase
terms.
We would like conditions, relations or equations applicable
to a wide FOV system as simply as possible. It is shown that
an electric field on the image plane is calculated by Fresnel
diffraction integral on a single lens and the object plane and
that the relation is investigated between the object and image
plane in Section II. Relations between the Geometrical optics
and the derivation in Section II are treated briefly in Section
III. Numerical simulations verify the condition and equation
derived here in Section IV and shows in Section V that we can
apply them to a wide FOV telescope.
II.

CALCULATING FRESNEL DIFFRACTION INTEGRAL

Fig. 1 represents the model for calculating the Fresnel
diffraction integral. The 𝑥𝑦𝑧-coordinate is set as shown in Fig.
1 and an electromagnetic wave with a wavenumber of 𝑘
propagates from the negative region of 𝑧 to the positive. There
is an axially symmetric lens at 𝑧 = 0 with a radius of 𝑅, a
focal length of 𝑓 > 0 and no aberrations. We refer to the plane
at 𝑧 = 𝑎 as an object plane and to the plane at 𝑧 = 𝑏 as an
image plane, respectively. We now consider only in case of
𝑎 < 0 and 𝑏 > 0. (𝜉1 , 𝜂1 ) and (𝜉2 , 𝜂2 ) represent the coordinate
on the object and image plane, respectively. 𝐸obj (𝜉1 , 𝜂1 ),
𝐸lns (𝑥, 𝑦) and 𝐸img (𝜉2 , 𝜂2 ) are the field expressed by a
complex number on the object plane, lens and image plane,
respectively. The time dependence is assumed as exp(−𝑖𝜔𝑡),
where 𝑖 = √−1.

156
1

Fig. 1. Model for calculating the Fresnel diffraction integral. There is a lens
with a focal length of 𝑓 at 𝑧 = 0. The plane at 𝑧 = 𝑎 and 𝑧 = 𝑏 is called
“object plane” and “image plane”, respectively. The coordinates
(𝑥, 𝑦), (𝜉1 , 𝜂1 ) and (𝜉2 , 𝜂2 ) are defined as shown.

Assuming the paraxial approximation which means
1/𝑘 ≪ 𝑥, 𝑦, 𝜉, 𝜂, 𝑅 ≪ 𝑎, 𝑏, 𝑓, paying attention to the phase
transformation at the lens and using the Fresnel diffraction
integral, we express the fields as follows.
𝑘2
𝜉2 2 + 𝜂2 2
𝐸img (𝜉2 , 𝜂2 ) = 2 exp (𝑖𝑘(𝑏 − 𝑎) + 𝑖𝑘
)
4𝜋 𝑎𝑏
2𝑏
𝜉1 2 + 𝜂1 2
× ∫ d𝜉1 ∫ d𝜂1 𝐸obj (𝜉1 , 𝜂1 ) exp (−𝑖𝑘
)
2𝑎
𝑥2 + 𝑦2 1 1 1
𝜉1 𝜉2
× ∫ d𝑥 ∫ d𝑦 exp [−𝑖𝑘
( + − ) + 𝑖𝑘𝑥 ( − )
2
𝑓 𝑎 𝑏
𝑎
𝑏
𝜂1 𝜂2
+ 𝑖𝑘𝑦 ( − )]
(1)
𝑎
𝑏
Equation (1) shows that the field distribution 𝐸obj (𝜉1 , 𝜂1 ) on
the object plane and the wavenumber 𝑘 define the distribution
𝐸img (𝜉2 , 𝜂2 ) on the image plane. We seek conditions which
make the distribution 𝐸img (𝜉2 , 𝜂2 )independent of the
wavenumber 𝑘, that is,
𝐸img (𝜉2 , 𝜂2 ) = 𝐶(𝑎, 𝑏)𝐸obj (𝛼𝜉2 , 𝛼𝜂2 )exp(𝑖𝑘𝛥), (2)
where 𝐶(𝑎, 𝑏) and 𝛥 are real coefficients. Evaluating the
integral, we acquire
1 1 1
+ − = 0,
(3)
𝑓 𝑎 𝑏
otherwise we cannot obtain the relation like (2). Equation (3)
represents the lens formula. Thus, the relation is acquired,
𝐸img (𝜉2 , 𝜂2 )
𝑎
𝑎𝜉2 𝑎𝜂2
𝑎 𝜉2 2 + 𝜂2 2
𝐸obj (
,
) exp (𝑖𝑘(𝑏 − 𝑎) + 𝑖𝑘
). (4)
𝑏
𝑏 𝑏
𝑏
2𝑓
In case of any sign of 𝑎, 𝑏 and 𝑓, (4) holds when the
position 𝑎 and 𝑏 meet the lens formula.

1 1
𝑑
+ −
,
(5)
𝑓comb 𝑓1 𝑓2 𝑓1 𝑓2
where 𝑓comb is the equivalent focal length and 𝑑 is the
distance between the two lens. In addition, we can apply to a
complicated system with free-form surfaces whenever the ray
tracing simulation tells us where the object and image plane is.
The “pupil” is one of the most important concepts in the
geometrical optics. In general, various beams each propagate
on their own paths in a wide FOV system except for the pupil,
where all of them are piled up on the same position. The lens
formula always holds on all of the pupils because they are
images of one another. In addition, it is most important that
the entrance pupil (Fig. 6) defines beam patterns of a
telescope. When we set an electric field distribution on a
specific pupil unrelated to propagating directions and apply
(4) to it and the entrance (exit) pupil, the electric field
distributions of all the beams are the same one and always
independent of frequencies on them. Thus, a frequencyindependent system is simply obtained. All we have to do is
investigate where the entrance and exit pupil are with a ray
tracing simulation or (5), and to determine beam parameters
on the pupil.
IV.

=

VERIFICATION OF THE RELATION

In this section, we verify the relation of (4). We apply to
one spherical mirror system with a focal length 𝑓 = −
150 mm. We run an electromagnetic simulation by Grasp8 and
compare simulation results with the expected one by (4). Fig 2
shows the one mirror system. Three Gaussian beams enter the
mirror, on- and off-axis with a frequency of 500 GHz and offaxis with a frequency of 1 THz. The beam waists of the 500
GHz beams are located at 𝑧 = 450 mm in Fig 2. We first
investigate the field distribution of the incident beams on the
plane named obj1, obj2 and obj3 at 𝑧 = 200, 300 and 600 mm,
respectively. The beams reflect and then we calculate the
distribution of the reflected beams on the plane named img1,
img2 and img3 at 𝑧 = 600, 300 and 200 mm, respectively, by
Grasp8 and substituting the distribution on the obj1, obj2 and
obj3 for (4). Finally we compare the distribution by Grasp8
and (4).

=

III.

RELATION TO GEOMETRICAL OPTICS

When we have a closer look at (4), there is a one-to-one
correspondence between the points (𝜉1 , 𝜂1 ) = (𝑎𝜉2 /𝑏, 𝑎𝜂2 /𝑏)
and (𝜉2 , 𝜂2 ). It means that we can treat the field distribution
with the geometrical optics on the plane, where the lens
formula holds. Equation (4) saves us a lot of time to apply the
equations introduced in [6] and [7] to a wide FOV system with
many mirrors because geometrical optics allows us to know
the equivalent single lens system of it which is obtained by a
ray tracing simulation or by the formula combining two focal
lengths of 𝑓1 , 𝑓2 ,

Fig. 2. One mirror simulation model. A beam propagates from the positive 𝑧
axis and reflects to the same positive region.

Fig. 3 and Fig. 4 show the results for the 500 GHz beams.
The electric distributions expected by (4) agree with that
calculated by Grasp8 very well. The finite size of the spherical
mirror affects the distribution distant from the center. The
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results of calculating the phase by (4) also agree with that by
Grasp8 near the center.
We also confirm whether or not the electric distributions
and phase on specific position are independent of the beam
frequencies. The 500 GHz off-axis beam and 1THz off-axis

beam have the same distribution and phase at the obj2. The
results are shown in Fig. 5. Expect for the region where the
effect of the finite mirror size exists, the distribution and phase
of both frequencies at the img2 shows the same shape.

Fig. 3. Calculated electric fields on the obj and img shown in Fig. 2. The red (solid) line is the incident beam, the green (dashed) line the reflected beam by
Grasp8. The blue (dashed-dotted) line is the expected distribution by (4) based on the incident beam distribution (the red-solid line). (a) 500 GHz on-axis beam
investigated on the obj1 and img1. (b) 500 GHz on-axis beam investigated on the obj2 and img2. (c) 500 GHz on-axis beam investigated on the obj3 and img3.
(d) 500 GHz off-axis beam investigated on the obj1 and img1. (e) 500 GHz off-axis beam investigated on the obj2 and img2. (f) 500 GHz off-axis beam
investigated on the obj3 and img3.

Fig. 4. Calculated phase of the electric fields on the obj and img shown in Fig. 2. The red (solid) line is the incident beam, the green (dashed) line the reflected
beam by Grasp8. The blue (dashed-dotted) line is the expected distribution by (4) based on the incident beam distribution (the red-solid line). (a) 500 GHz onaxis beam investigated on the obj1 and img1. (b) 500 GHz on-axis beam investigated on the obj2 and img2. (c) 500 GHz on-axis beam investigated on the obj3
and img3. (d) 500 GHz off-axis beam investigated on the obj1 and img1. (e) 500 GHz off-axis beam investigated on the obj2 and img2. (f) 500 GHz off-axis
beam investigated on the obj3 and img3.

Fig. 5. The distribution and phase on the obj2 and img2. (a) The red (solid) line and green (dashed) line represent the distribution of the 500 GHz and 1THz offaxis incident beam, respectively. They are similar one. The blue (dashed-dotted) line and magenta (dotted) line is 500 GHz and 1THz off-axis reflected beam
distribution, respectively. (b) The red (solid) line and green (dashed) line represent the phase of the 500 GHz and 1THz off-axis incident beam, respectively. (c)
The red (solid) line and green (dashed) line represent the phase of the 500 GHz and 1THz off-axis reflected beam, respectively. They have the same shape.
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V.

APPLYING TO THREE MIRROR TELESCOPE

We apply (4) to the three mirror telescope as shown in Fig.
6. The primary mirror is an off-axis paraboloid with a diameter
of 300 mm. The secondary mirror is an off-axis ellipsoid. The
tertiary mirror is an off-axis hyperboloid. The telescope has a
focal length of about −1663 mm. This telescope has a wide
FOV of 1 degree at 1 THz without vignetting. There are three
pupils in this system. One of them is located at the secondary.
The others are images of the secondary, the entrance and exit
pupil in Fig. 6. The lens formula holds on the entrance and exit
pupil because they are the images of the secondary.

Fig. 7. Field distributions on the entrance and exit pupil. The red (solid) line is
the distribution of the 500 GHz beam at the exit pupil, the blue (dashed) line is
that at the entrance pupil. The magenta (dashed-dotted) and greenish brown
(dashed-dotted-dotted) represents the distribution of the 1 THz beam at the
entrance and exit pupil, respectively. The cyan and green (fine dotted) lines are
expected from the distribution on the exit pupil. (a) The distribution along 𝑥
axis of on-axis beams. (b) The distribution along 𝑦 axis of on-axis beams. (c)
The distribution along 𝑥 axis of off-axis beams. (d) The distribution along 𝑦
axis of off-axis beams.

Fig. 6. Three pupils. One of them is located at the secondary.

We carry out calculations with Grasp8. Four beams pass
through the telescope from the focal plane. One of them is a
500 GHz on-axis beam, the second is a 500 GHz off-axis apart
from the center of the FOV, the others are the same beams as
the 500 GHz ones, except for the frequency of 1 THz. An edge
taper is set to be 15 dB at the secondary. According to (4), a
beam radius is estimated in order to meet 15 dB at the edge of
the exit pupil. A radius of curvature of wavefront is estimated
from a distance between the focal plane and the exit pupil.
Fig. 7 shows the distributions on the exit and entrance pupil
of the telescope. The 500 GHz and 1 THz distributions are
similar on the exit pupil and keep their own shape on the
entrance pupil. The fine dotted lines in Fig. 7 represent the
expected distribution by (4). In this case, an equivalent 𝑎 and 𝑏
are −4248 mm and −1664 mm, respectively. It is shown that
the field distributions on the entrance pupil do not depend on
the beam frequencies. We also confirm beam patterns of this
telescope. Fig. 8 shows beam patterns of the four beams in Fig.
7 on the celestial sphere. They are axially symmetric beams
and have beam sizes expected from the diameter of the
entrance pupil.
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